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Abstract

Aims. To formulate, analyze, and perform investigative compsiewulations for clinically plausible
mathematical model depicting the patho-physiodynamic$ildf-1 associated Kaposi Sarcoma (KS)
during Highly Active Anti-Retroviral Therapy (HAART) of AlB and Adoptive Cellular Immunotherapy
(ACI). The basic principle of digital combination therapyadlving HAART and ACI is exhibited in the
computer simulations.
Study Design: The mathematical model proposed in the current reseatwdséd on the results of the
state-of-the-art data published in peer-reviewed journaltimgl to HAART, KS, and ACI. Using
Dynamic Systems Theory, the clinical data is refortedainto a system of non-linear deterministi
differential equations involving six model variables: non-HIVhfected CD4+ T lymphocytes, HIV-
infected lymphocytes, free HIV-1 virions in the blood ptas HIV-1 specific cytotoxic CD8+ T
lymphocytes#x-vivointerleukin-2 (IL-2) incubated CD8+ T cells, HAART drugpolecules, and the K5
cancer cells. The model incorporates all appropriaterstoietric interaction rate coefficients, apoptatic
rate constants, rate constants for viral recruitment fiadent reservoirs, and other relevant parameters.
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The role of CD4+ T cell-induced syncytia in modulating tlecome of HAART and ACI is exhibited i
the computer simulations using clinically plausible hypothgtatient physiological parametr
configurations.

Place and Duration of Study: This research was conducted at Fayetteville Stateetsily (FSU),
Fayetteville, North Carolina, USA. The digital versidittee model was initiated in the summer of 2015
under the HBCU Graduate STEM Summer Grant in 2015.
Methodology: The equilibrium points, also known as the physiological outsomere computed and the
local stability at these points were analyzed utilizthg Hartman-Grobman theory, the principles| of
linearized stability, Banach space techniques, and Lozimskiirix based stability. The clinically
desirable physiological outcomes are further analyzed tonoplkausible robust criteria under which the
HIV-1 virions, HIV-1 infected CD4+ lymphocytes and KS cedlee annihilated. In particular, some
scenarios of therapeutic failure are also discussed.
Results: Theoretical digital criteria for remission and possitilee of KS and AIDS are derived in terms
of biophysically measurable parameters. The model sironkiincorporate scenarios with and without
HIV-1 induced syncytia. The digital prognosis of KS and thsoaiated HIV-1 AIDS are exhibited in
terms of biophysically measurable mathematical cedteh particular, the computer simulations yse
hypothetical patient parametric configurations to elueidd#ie quantitative dynamics of KS anpd
associated HIV-1 AIDS during HAART and ACI.
Conclusion: This research has demonstrated that under certain gadiemhetric configurations, a highger
density of syncytia prevents reconstitution of CD4+ T catllgarious doses of HAART drug cocktail. |It
also establishes theoretically it is possible for HAARTannihilate HIV-1 infected CD4+ T cells and
HIV-1 virions without necessarily eliminating KS.
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Keywords: Kaposi Sarcoma (KS); mathematical modeling; HA&fRdacy; computer simulations; ACI of
KS.

1 Introduction

The Kaposi Sarcoma associated Herpes Virus 8 (KSH¥-8)ubset of thg/-herpesvirus subfamily which

comprises of two subgroups namely lymphocryptovirus andimbairus [1-5]. The virus is also named
KSHV-8 or HHV-8 since it is the eighth known Human Herpesas/ii The KSHV DNA sequences are found
only in the KS tissues and not in normal tissues [4] pdrticular, KSHV can be isolated in all KS lesions
and localized in the vascular endothelial cells and prenasspindle-shaped cells [4]. The gene products of
KSHV-8 are homologous to cellular oncogenes and can mdukfyellular cycle, inhibit apoptosis, evade
immune system signaling mechanisms, and induce angiogeimasigrtalization of cancer cells, and
facilitates neo-vascularization, in HIV-1 patients [3-7]

Systemic treatment of KS in AIDS patients must conftmrth KS and the underlying AIDS. Thus Highly
Active Anti-Retroviral Therapy (HAART) chemotherapy, Autive Cellular Immunotherapy (ACI), and
radiotherapy are the treatment modalities [6]. Sincentb#ifocality of AIDS associated KS is the major
purpose of therapy, chemotherapy and radiotherapy aea tifines preferred by medical and clinical
oncologists. The lesions of KS are radiosensitive but adveffects such as residual hypopigmentation,
radio-dermatitis, and skin ulceration could be incaptgato the patient. In order to minimize toxicity,
intralesional cytotoxic chemotherapy is favored than wholey lsydtemic chemotherapy. Thus innovative
pegylated liposomal anthracycline anti-tumor antibiotic doxorobid used in first line traditional
radiotherapy and immuno-therapy such as to reduce systerigity. The relevance of HAART in KS
therapy depends on the therapeutic efficacy of the compooktits HAART protocol such as the protease
inhibitors, nucleoside/non-nucleoside reverse transcripiabéitors and HIV-1 receptor/co-receptor
inhibitors [6,7]. Localized HIV-1 associated KS may invoblre use of treatment modalities such as (i)
cryotherapy using liquefied nitrogen (ii) conformal radetpy (brachytherapy) (iii) photodynamic therapy
involving photosensitizers (Photofrin 1l) and laser therapy.
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The rationale for using ACI in HIV-1 associated KS therapbased on clinical observation involving the
use of recombinant interleukin 2 (rIL-2). The mechanismacfion of rIL-2 is based on the lymph
proliferative activation of CD8+ T (tumoricidal T-lymphdeg), NK (natural killer cells) and LAK
(lymphokine activated killer cells) [8-10]. Related clidicasearch on the pathophysiology of KS during
HAART can be found in [9-13].

The clinical protocol of KS specific ACI involves the follimg procedures [9,10,14].

Step (1) The cancer patient is primed with KS vacciokbowed by lymphocyte harvest. This is
therapeutically possible in principle. Such procedure is diggiby Parviz et al in [8].

Step (2) Autologous T cells are harvested from the (ipperal blood or alternatively using (ii) draining
the lymph nodes

Step (3) The autologous T cells then undergo polyclonaitin-gctivation and proliferative expansion.
Antigen-specific immune function is measured. After adstiation of booster vaccines.

Step (4) Theex-vivorIL-2 expanded CD8+ cells are re-infused into the patietetr &gmpho-depleting
chemotherapy.

Step (5) The tumor-infiltrating KS specific CD8+ T lyngalytes can be isolated and expandeditro
using rlL-2 for adaptive transfer after lympho-depletilgmotherapy.

The patho-physio-dynamics of HIV-1 induced KS has been figaged by Kemény et al. [15], Lesbordes
et al. [16], Zhu et al. [17], and in publications such¥8719,20]. The cytolytic role of CDS lymphocytes

in regulating the growth of KS has been studied by Li et al. 4] Stebbing et al [18]. The use of ACI with
activated autologous CDS8T cells incubated with rIL-2 infusion in treatment of /8Dwvas described by
Klimas et al. [14], Touloumi et al. [19], and Urasdaak [20]. Additional research results have been
obtained by Bihl et al. [22], and Dupont et al. [13].

Nani and Jin [23] recently developed a mathematical mdejgicting the dynamics of KS during HAART
therapy of HIV-1 induced AIDS. The Nani-Jin model is imyed in this current research to include ACI
therapy of KS during HAART so to incorporate the mathigsabramifications of ACI [24,25]. In particular,
stability analysis of the model has been discussed ao momputer simulations are presented, as
compared to the previous paper.

In this paper, we present an elaborate, deterministitbenatical model and computer simulations of the
patho-physio-dynamics of KS associated with AIDS dufi®ART. It is one of the major attempts to
construct a clinically plausible mathematical model clhincorporates HAART therapy, HIV-1 induced
AIDS dynamics, and KS.

2 Parameters

The model variables, parameters, cytokinetic rate caisststioichiometric coefficients, and exogenous input
rate constant will be defined as specified in this sectidrese numerical quantities are biophysically
measurable and/or clinically quantifiable. Their exactuesal for each patient can be estimated. The
following definitions are as specified in Nani and Jin [23,26].

x.: the number density of non-HIV-1-infected Clper T-lymphocytes per unit volume at any time
Xo: the number density of HIV-1 infected CDO#elper T-lymphocytes per unit volume at any time

x3: the number density of HIV-1 virions in the blood plasma pervoiume at any timé

X4 the number density of HIV-1 specific Chb&ytotoxic T-lymphocytes per unit volume at any time
xs: the concentration of the chemotherapy drug and HAART drolgcules at any time

Xe: the number of Kaposi sarcoma cancer cells in the AlDi8mgeat any time during HAART

S;: rate of supply of un-infected CDZ-lymphocytes

S rate of supply of latently infected CDZ-lymphocytes
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S:: rate of supply of HIV-1 virions from macrophage, monocytegroglial cells and other lymphoid
tissue different from T-lymphocytes

S, rate of supply of CD8T-lymphocytes from the thymus or rate of supply of exevincubated CD8
T-lymphocytes

D: rate of HAART drug infusion by transdermal delivery

a, b: constant associated with activation of lymphocytesygkine interleukin-2 (IL-2)i(=1, 2, 3, 4)

a;: constant associated with HIV-1 infection of CD® helper cellsi(=1, 2, 3)

Li.the number of HIV-1 virions produced per day by replicatiot budding in CD4T, helper cells

[S: rate constant associated with replication and “budding” of-HiW syncytia CD4 T, helper cells
per day per microliter/f) and released into the blood plasma

s the number of HIV-1 virions produced per day by replication“andding” in non-syncytia CD4T
helper cells and released into the blood plasma

ni: constant depicting the rate of which HIV-1 virions incédiade the CD8 T cytotoxic cells (=1, 2)

(o, Ao): Michaelis-Menten metabolic rate constants associatddhMART drug elimination

(g, A): Michaelis-Menten metabolic rate constants associatédd MAART drug pharmacokinetics (
=2,3)

(aa, As): Michaelis-Menten metabolic rate constants associatéiul aytolytic action of CD8 against
Kaposi Sarcoma cancer cells

y4: constant depicting the cytolytic efficacy of CDBcells against Kaposi sarcoma cancer cells

&: cytotoxic coefficientwhere @ &§ <1 (= 2, 3)

g;: constant depicting competition between infected and ueigdeCD4 T, helper cellsi(=1, 2)

ki: constant depicting degradation, loss of clonogenicitydgath” ( =1, 2, 3, 4, 5, 6)

€o: constant depicting death or degradation or removal by apsgfwsegrammed cell death)<1, 2, 3,
4)

K;: constant associated with the killing rate of infed®@4" T cells by CD8 T cytotoxic lymphocytes
(i=1,2
All the parameters are positive

¢;: kinetic constants depicting logistic tumor growth fapési sarcoma

3 Model Equations

The following system of non-linear deterministic ordinadifferential equations models the patho-
physiological dynamics of HIV-1 induced AIDS virions aaskociated Kaposi sarcoma cancer cells, CD4
(infected and non-infected) T cells, and CO8cells during HAART therapy.

%, =S +axe ™ —ayx X — XX, —K X — ey

K. = b, — _ _ _ _ _ Ctza'zxzxs
X, =S, + QX %87 +A,X X — U X X, — KX, = BiXs = K X, X, =€y 1
2 X%

: $3035%:%s
X =S +/82X2X3 +153X3 T AKX T XX, ksxs ~ €%~

Ay + X
« =S + by _ K _ _, 9a%X4Xs —K.X, — (3.2)
Xy =9, T X X0 2XoXy 11 X5Xy ~ Vs 4%Xs €4

A+ X%,

- H UOXS UZXZXS U3X3X5
x5—DH—smnt—H—)| T ke
0 X5 2 X5 3 X5
O, X, X
. 2 484 %
X = G Xg ~CyXg _/] i ~KeXs
s X,

X (t,) =%, for i={1 23 4,56}
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4 Analysis of the Model Equations

In this section, the principles of non-linear system ysislwill be used to derive some results on the
qualitative behavior of the model equations. The mathenhagcaniques used for analyzing the model
equations are discussed in [27,28,29,30,31].

4.1 Boundedness, dissipativity, and invariance of non-negativity

Consider the model equations (3.1). Let

L = sup[a;xxe™] for j ={124}
ity te ] (4.1)
Ly = sup[B,X,%; + ;%]

Ity te ]
wheret, andtr denote respectively the time for commencement and terminaitidAART and ACI therapy.

The system of differential equations (3.1) reducééofollowing system of differential inequalities.

X S +L -kX —€,
X, £S,+ L, —Kk,x, e,

X3S S+ Ly - k3X3 ~ €y (4.2)
X, €S, + L, —Kk,x, — e,
X5 < D —KkgXs

%, < dx, —c,x,- whered =¢, -k,

X, (to) = Xy
X, (tg) = Xa0
X3 (to) = X0 (4.3)
X, (t5) = Xgo
Xs(t) = Xso
X5 (to) = Xg0
X, 00% ={x 00|x =0}
Integrating the system (4.2), the following dynamicalqualities are obtained.
Xl(t) < Sl + Ll - elo + rle—klt
kl
X2 (t) < m + rze_kzt
k2
- 4.4
X, () < Srlimey, re’ “4
Ks
X, (t) < S,+L,—¢e, + r4e—k4t
4
X(0) <+ e
Ks
X (t) < dx,(0) /[c,%; (0) +d — c,%; (0)e ]
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wherer, 00" = [0, ) are constants of integration fior {1, 2, 3, 4, 5}.

Thus

lim supx, ()| < Sl+:_el°
lim supx, (t) < %

2
Ss, + La — 65
Ky (4.5)

. S,+L,-e
lim supx, () < %‘“’

4

lim sugx, (t) <

. D
| ) <—
fm sup (0] <

. d
lim supx, (t)| < -

2

The inequalities of (4.5) show that the system (3.1) is mlfise for Si+li-e + 0 Where
k.

i={1,2.3,4.5}. We thus have the following theorem.

Theorem 4.1 Let

S

+1. -
M, = max[x, %] fori={1,2, 3, 4}
0% ={(X,.... %) OO°|x >0 fori = {123456}
Consider the set

A={X,., X)O0O%]0<x, < Ml,OSXZSMZ,OsxasM3,Osx4sM4,Osx5sk3,05xss
5

Then the following hold

(i) The set A is non-negatively invariant
(i) The set A is a global attractor

(iii)  All solutions of (3.1) with initial values chosen fwill eventually enter A and are ultimately

bounded and remain entrapped in A fortdlll [1, .

Proof. The proof follows directly from the preceding calculationslieg to the theorem. Also see [27]
Theorem 3.1 for details of the proof.
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4.2 Existence of an mT periodic solution

It will be shown in this subsection that (3.1) admitsv@hperiodic solution, wherenis an integer and is
the period.

The non-linear system (3.1) can be rewritten in the form:

{)‘(:A(t)x+ F (t,X) @.7)

X(ty) = %o, xOO°
where

) FoOcCYO,x0O%0°%

(i) Aowm (D)

(i) F(t+T,x)=F(t,x) (4.8)
(iv) F(t, X is locally Lipschitz, and

) IF (t,%)||< M for someM > 0

In particular,
-k, 0 0 0 0 0]
0 -k, -4 0 0 0
A) = 0 0 B-k, 0 0 0 (4.9)
1o o 0 -k, 0 O
0 0 0 0 -k O
0 0 0 0 0 -k
and
(S, +a,x2e™ —a, XX, — 0, XX, — ]
S taX % X3 ~ G4 XX, €
_ 0,X,X%
S, ta,xx,e P 0% X ~ 0%, %, — K XX, — €y _gi 2+2 >
2 T X5
$303%5X%s
Sy + X Xg — 3% X =11 XX, ~ €3~ o+
3 T X5
F(t,x) = ook 0 X Xe (4.10)
S, taxx,e —K2X2X4—772X3X4—y4/1 + €40
s T X
DH'SInnt—H_ 0‘0X5 _O'2X2X5_0'3X3X5
Aot Xs Ayt Xy Ayt Xg
o ,X, X
C X — Co X5 — 445
L Ayt X, i

Theorem 4.2 Consider the model equations as rewritten in (&dppose that conditions (i) — (iv) in (4.8)
hold. Then there exists amiT periodic solution of (4.7), iffs < ka.
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Proof:
Step 1. Consider the system

u=A(t)u where AOM,(O) (4.11)
The eigen-spectrum df{t) is defined by

g (A, A)={A|det(A- A1) =0} ={-k,,—K,, B, — k;,—k,,—k;,—k,} under the theorem hypothesis
a=At)u-

All the eigen-values oA has negative real parts. It means that all soistaf (4.11) tend to zero as-t .
Step 2. The next step isto show that if solution of (4.11) are unifor mly ultimately bounded

Let the solution of (4.11) be denoted bit,t, X,) . The solutions are uniformly bounded with bowdf
there exist positive constants Bl, B2, such that fQD R,, lI%|&B,, t=t,+B,, then
[lu(t.te, %o )< M [27].

Using Floquet theory, there exists Bperiodic matrix P(t) and a constant matrixJ such that
X (t) = P(t)e™ is the principal matrix solution of (4.11). Butlstions of (4.11) tend to zero &s co.

If u(t) =u(t.,0,x,) such thatf (t,u(t)) = g(t)is a non-homogeneous term wigit)|< M > o0 - Using
the variation of parameters formula, we have thieviong:

X(D)] = P(t)ex, + [ P(t)e’ 2P *(s)g(s)ds (4.12)
Let ‘e“‘ <ae™™ wherea,B>0

¢, = sup|P(t)|
c, = sup‘P‘l(t)‘

c,c,aM

B

Thus lim sup|x(t,ty, X,)| <

Therefore, all solutions are uniformly ultimatelgunded. Hence, there existaT periodic solution [27].
4.3 Linearized stability of the model equations

In this section, the stability of the model equasiavill be analyzed for the scenario in which tlegiqudic
input D|[sin nt || is replaced by a constant drug input

The Jacobian matrix of linearization of (3.1) ie teighborhood of an arbitrary equilibrium pdis[X;0, X0,
%30, Xa0: %50, X60] has the form:
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J(E)={a,} where1si, j<6
U ={J(E[ Xy, Xs0+ Xa0+ Xa0 X0 » Xeo )} U Whereu=x-x,, and 1<sk<6andu0O®

In particular,

ayy = aX (2-bx)e ™ - aiX, — X, — Ky

A, = 0%
;= A X
a, =0
a,;:=0
a,, =0
—— —byx
ay = azxz(l_ ble)e T, X,
_ g, X
a, = a,x,e " - qg,x, -k, - K, x, - £20%s
A, + X
Ay 1= 0 ,X — By
a, = —K X,
a. = — §,4,0,%,
25 (/1 + X )2
2 5
a, =0a, =0
Qg = A 3X5
a3, = BoXs
£,0,%
— 393Xs
Qg3 1= B,X, + By — Q3% — 111X, — Ky = 1
3t Xs
Qg = M1 X
a. =— $30343%,
35 * A + 2
(A3 + Xs)
az; =0
2y = a%, (L-b,x,)e ™ (4.13)
a,, = —KyX,
Q3 = 1%,
— —b, X
A, = axe " KX, —17,% —k,
a, =0
a — _Ya0.%,
46 1+
4t X,
ag; =0
g, X
s, -:_/] 15
2T X
O X
_ U3X%s
As3 2+
3T X
ag, =0
— oo 0,45, 03A:%,
Qg =~ - - ~Rs

(/10+X5)2 (A2+X5)2 (/13+X5)2
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ag =0
ag, =0
ag =0

— 04/]4xs
gy =~ 1 2

(A *+%,)

ag; =0

— T4%4
ass — Cl - ZCZXG - m - k6

4 4

4.4 Analysis of the equilibrium E[ X, ,00, X,, %;,0]

In this subsection the clinically desirable physgitally outcomeE[ x, 0,0, X,, X, ,0] will be analyzed

using the linearized system explained in Secti@n Bhis therapeutic disease equilibrium correspaodke
scenario in which the HIV-1 infected CD4+ T celidasma HIV-1 virions, and neoplastic KS cells are
obliterated by combination of HAART and palliatieckemotherapy. The necessary conditions for thd loca
existence of this equilibrium are the following:

S, +a,x’e ™™ -k, X, - e, =0

S, -e,=0 i={23) (4.14)
S, +a,x,x,e ™ -k, X, -, =0

UOYS

D=y ix K% =0 for %X.%0Q
HEx 00x,x0]} =
ayx, (2-bx)e™ —k, —a% —ax 0 0 0
r &0, Xg
box —l — _52%% _
0 8,67 ~pX ~k, ~K;X, A, +% A 0 0 0
£.0.
0 0 By =%~ % —Ks _ﬁ 0 0 0
a,x, (-b,x )e ™ —K X, —n,%, axe™ -k, 0 _VaOsX,
/14+X4
0 _ 0% _ T3X 0 _ UO/]O z_ks 0
A% A +% o)
g X
0 0 0 0 0 _ 9%
- a A+, J
(4.15)
Definition Let T := a4 be the Frechet differential operator such that
dx
T.Oo" - Qgn

F(X) = [DF (X)] = A=[a;] wherel<i,j<n

where F(x) is the nonlinear vector-valued function given the right hand side of Equation (3.1). In
particular DF(Xg)] is the Jacobian matrix of linearization of (3ih)the neighborhood of the equilibrium
pointx, 00 °.

Note that[ " equipped with th@-norm is a finite dimensional Banach spaceffer p < o .

T(ax+ By) =aTx + BTy

10
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Ck =0 such that||T|| < K||X|| and
Ti= sw ]

ThusT x=Ax xOO" and T is a linear operator.

Let 1< p < o and define the LebesglfeP norm [28] onJ "as

Il = (xaf” + xa|” e+ ], [P for 1< p <o

where x|l = x| + [x; |+ .+ [,
X1+ = (™ ™+ g [
[l = max{ [xa, x| -..[x,

It can be shown that all the above normsohare equivalent.

Let
A= sup - [a,|

Then the Lozinskii matrix measure Afis defined as:

AKAD:S?pbiaﬂ*fE:bﬂ}
Let

A=J{E[x,,0,0,x,,%; 0]} ={a;} where 1<i, j<6

Using the entries oA as defined in (4.15)y ( A) is computed as follows.

H(A) = sup{Reaﬂ 2 lay }

%]

=supfa,, + ‘a4x4 (1-b,x,)e "

g, X
azz+q1x1+sz4+—Azij(s, (4.16)
J3X5

Qg ta X Ha,X — +17,X, + ,
33 11‘21 181‘ ,724/]3+X5

T, A%
(As+ %)%
530-3/]3
(s + %)
+ y40'4X4}
A+ X,

At

55

a66

Assume that the parametric configuration of a higptital AIDS patient is such that the following
specifications can be made:

11
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1
X = — =211
' b, a,
K, =K,
=63 = (4.17)
. = q,
n.,=1,
a, =a,
Va=1

Then Equation (4.16) reduces to

U(A) = sup{a,x, (2 - bx,)e™ -k,
a,x e - k,,
Z (4.18)
a,xe* -k,,
Ty, _
(Ao +%)°
C - ke}

We the have the following theorems.

Theorem 4.3.1 Suppose
W) x>2
bl

(i) a,xe™-k,<0
(i) B, -k, <0 (4.19)
(iv) a,xe™* -k, <0

(v) ¢, —ks<O

Then the solution trajectory of the model equati(®4) in thee-neighborhood ofE[ x, ,0,0, X,, X;,0] is
uniformly asymptotically stable.

Comments on Theorem

This theorem demonstrates the existence of a doeimawhich the HIV-1 infected CD4+ T cells, HIV-1
virions, and Kaposi Sarcoma cells are annihilatesings continuation of HAART and adoptive
immunotherapy with ex-vivo incubated CD8+ T cells.

Proof: Consider the expression (4.16), using the spetiifies (4.17) and Theorem 4.1.2 in Kartsatos [28], i
can be immediately concluded thfx, ,0,0, x,,X;,0]is uniformly asymptotically stable ifi(A) < -r
wherer is a positive real number.

12
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Theorem 4.3.2 Suppose
() ax (2-bx)e ™ -k, <0
. “bx E,0,X
(i) a,xe™ - -k, -K,x, —2222<0
2X1 q2X1 2 174 /]2 +X5
(i) B, - aryx, %, — k, - 22955 < (4.20)

A+ X
H —byx
(iv) a,x,e™* -k, <0

V) ¢ --ZX _y <o
s T Xy

Then E[X, ,0,0,%,,X;,0] is a local attractor.

Proof: Consider the Jacobian matrix (4.15) which is aditeation of the non-linear model equations (3.1)
in thee-neighborhood ofE[x1 ,0,0,%,,X:,0] - By the Hartman-Grobman theorem [29], the flowoaszted

with the non-linear system &’-conjugate to that of the linearized systens { J (E[x, ,0,0, X, X5 ,0])} u

whereu = x — x,,u 0 0° in the neighborhood oE[x, ,0,0, X, , X;,0] -
An inspection of the Jacobian matrix (4.15) revelads the eigenvalues given by the following expi@ss:

A= ax (2= blxl)eiblxl -k

_ g, X
A, =a,xe bM_qle_kz_le4_E2 2=
A, + X
_ §30,5X
/13—/33_0'3)(1_’71)(4_ks_/]3 =5
3+X5
— -b,
A, =a,xe ™ -k,

UOAO
/]5 - 2 Rs
(A + Xs5)
_ 04Xy

Ao =0 gk
Conditions (i) ~ (v) of the theorem guarantee thidtthe eigenvalues have negative real parts. Utieg
principles of linearized stability [29], it can sencluded thatE[ x, ,0,0, X, , X;,0] is a hyperbolic sink and
locally asymptotically stable and a local attractor

5 Digital Prognostic Simulations

In this section, hypothetical patient physiologig@rametric configurations are used to illustratens
aspects of the dynamics of Kaposi Sarcoma (KSndudAART and ACI. The parametric values used in
the simulations are estimates based on values rpeesen the following papers [23,26]. For all the
simulations below, the units of are cells/d for i =1,2,4,5,6 and viriongd for i = 3. The time axis unit is
year.

The convergence of the simulations is guarantegfidfollowing theorem [31]:

Theorem 5.1 Consider the initial value problem.
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{x= f(t,x) tOt,t,+a] a>0 51

X(to) = X
where f OC(O, x0O",0") andx, 00"

Let (5.1) be rewritten in the iterative form addals.

Yier = Yien®@t, y;,h)  forh>0,i0N
Yo=X YoUDO", x 00"

If there is a valuen, >0 such that¢(t, y, h) is continuous on the domain

D ={t,y,h|tO[t,.t, +a],yOQO",hO[0h]}

And if there exists a constaint> 0 such that
l¢t,y,h)—¢t,y.h)|sL|y-Y|

For all (t,y,h),(t,y,h) 00D called a Lipschitz condition, then the followingld:

(i) The numerical algorithm is stable
(i) The algorithmic scheme is convergent if and onlyitifis consistent, that is, if and only if

¢(t,x,0) = f(t,x,00 OtO[ty,t, +a]
(iii) If the local truncation errors are bounded|ly |[< B(h) for some functiorB(h), independent of

B(h)eL(" ~ty)

and for hJ[0,hy], then| x(t.) — v, | whereL is the local Lipschitz constant.

5.1 Simulation for hypothetical KS patient #1
Suppose the hypothetical AIDS/KS patient has pataecneonfigurationP; as exhibited in Table 1.

The parametric configuration f@®' is similar to that ofF, except thaf, = 0.01 (with moderate syncytia) vs.
B>= 0 (absence of syncytia). The cancer growth ratestant for both? and A' is set toc; = 6.405. The
simulation results are shown in Fig. 1.

An inspection of the output graphs show that thHeotfof non-zero syncytia is relevant to the dyrzsrof
CS8+ T cells (x4), but there is no marked effecttiom other dynamic variables. The effect of no-zero
syncytia is to decrease the number of CD8+ T chlisan be observed from the simulation result$ tha
immune system of the patient is reconstituted dutire HAART and ACI therapy.

5.2 Simulation for hypothetical KS patient #2
The effect of KS growth rates for fixed syncyti@ééand fixed HAART drug does rate D is investighie

this simulation. The parametric configuration ot thypothetical patient #2 is shown in Table 2. In
parametric configuratio®’, the only changes are as folloves:= 6.405 instead af; = 10.25.

14
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Table 1. Hypothetical AIDS patient parametric configuration A

X10= 500 cells{id Xo0 = 400 cellstd %30 = 1000 virions/d X40= 1500 cellsi Xs0 = 1500 cells#l x50 = 2500 cellsdd
S, = 800 /day/d S,= 800 /day/d S = 10 /day/d S, = 2000 /dayi n=>5 ¢ = 6.405
€10 = 0.0025 cells/dayd &0 = 0.0005 cells/dayd €30 = 0.0001 /day €0 =0.0002 D = 4000 units ¢, = 0.00075
a; = 0.15 /day/celj a, = 0.11 /day/celp 5:=0.01 virions/CD#/dayjid  cells/dayjd 0= 0.5mgday g,= 7mgday
b;=0.01 /cellfd b, = 0.004/cell/d [:= 2.75 virions/CD¥/day a4 = 0.35 /day/celjd 0> = 30mgday ks=0.0025/dayi
a, = 0.5/day/virionstd a,= 0.5/dayl/virionsti az = 0.027 /day/viriongA b, = 0.01/cell{d 0;= 5mgday A4=5.5mg/L
ky = 0.0005/dayl ko = 0.005/dayd ks = 0.0001/dayi K, = 0.0024 /dayi ks=0.001/dayjd
g, = 0.00045/dayi/cell 0, = 0.00001/dayi/cell n1=0.055 ks, = 0.08/dayfd Ao=5mg/L
B = 1.5 virions/CD#day  &=0.85 n2=0.055 A2=10mg/L
K1 = 0.0001/dayil £3=0.0001 74=0.15 A;=0.015mg/L
1000 800 1500
800 CD4' T cells HIV-1 infected CD4 T cells HIV-1 virions
600 600 1000
400 400
500
200 200
0 0 0
0 5 10 0 5 10 0 10
Xl ==——- x1 X2 =m——- x  —( eeee- x3

10000

8000

6000

4000

2000

0 5 10

Fig. 1. Smulation results using parametric configurations A vs. P,’

2500

HAART drug dynamics
2000
1500
1000

500

3000

KS cancer dynamics

2000

1000

10 0

10

(P;'is the modified P same as?, except, = 0 instead of3, = 0.01. The time axis unit is year.)
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Table 2. Hypothetical AIDS patient parametric configuration A

X10= 500 cellsid %20 = 400 cells/d %30 = 1000 virions/d X40= 1500 cellst Xs0 = 1500 D = 4000 units xgo = 2500 cells
S =800 /dayd S,=800 /day/d S =10 /day/d S, = 2000 /dayid 0= 0.5mgday c; =10.25
€= €0 = 0.0005 cells/dayd €30 = 0.0001 /day e = 0.0002 0= 30mgday ¢, = 0.00075
0.0025 cells/day/ a = 0.11 /day/celp =0 virions/CD4/dayid cells/day}d 0= 5mgday a,= 7mgday
a, = 0.15 /day/celjid b, = 0.004/cell/d [Bs= 2.75 virions/CD¥day  a, = 0.35 /day/celfi  ks=0.001/dayjd ke=0.0025/dayid
b, =0.01 /celli a,= 0.5/day/virionsti az = 0.027 /day/viriongA by = 0.01/celltd Ag=5mg/L Aq=5.5mg/L
a; = 0.5/day/virionsi k, = 0.005/dayd ks = 0.0001/dayi K, = 0.0024 /dayi A>=10mg/L
k, = 0.0005/day/ 0 = 0.00001/dayé/cell ~ #1=0.055 k, = 0.08/day/d A3=0.015mg/L
¢y = 0.00045/dayll/cell B, = 1.5 virions/CD#/day &= 0.85 72=0.055 cellsjd
K; = 0.0001/dayi &=0.0001 y4= 0.15 n=5
2000 1000 1500
CD4'T cells 2 a0 | HIV-Linfected CDAT cells HIV-1 virions
1500
600 1000
1000
400 500
500
200
0 0 0
0 25 5 75 10 0 25 5 75 10 0 25 5 75 10
X] ==———- x1 — ) e —— x2' X3 ==———- x3
10000
CcsS8T ce[s ____________ #000 HAART drug dynamics .
8000 ’,’ 3000 ~o 4000
6000 / 3000

1

[
4000 1
!
)
2000 h)
r/

2000

1000

10 0 25 5 75 10

-
Seao
e cccce-

Fig. 2. Simulation results using parametric configurations A vs. P,’
(P,’ is the modified P same ag? except ¢= 6.405 instead of,c= 10.25. The time axis unit is year.)
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Table 3. Hypothetical AIDS patient parametric configuration A

S, = 800 /dayi S,= 800 /day/d S; = 10 /day/d S, = 2000 /day D = 4000 units c.=10.25
a; = 0.15 /day/celj a, = 0.11 /day/celj 5=0.01 virions/CD#dayjid a4 =0.35 /day/celd = 0.5mgday c; = 0.00075
b, = 0.01 /cell{d b, = 0.004/cell/d ;= 2.75 virions/CD¥day b, = 0.01/cell{d 0,= 30mgday 0, = 7mgday
a1 = 0.5/dayl/virionsi o= 0.5/dayl/virionsd oz = 0.027 /day/viriongA K, = 0.0024 /dayi o3= 5mgday ks=0.0025/day
k; = 0.0005/dayi k. = 0.005/dayd ks = 0.0001/dayi ks = 0.08/day/d ks=0.001/day/d As=5.5mg/L
g, = 0.00045/dayd/cell 0 = 0.00001/dayd/cell e3 = 0.0001 /day €40 = 0.0002 Ao=5mg/L X0 = 2500cells
€10 = 0.0025 cells/dayd S, = 1.5 virions/CD#/day n1=0.055 cells/dayfd A2=10mg/L
X10= 500 cells/d K1 = 0.0001/day $=0.85 772= 0.055 A3=0.015mg/L

€ = 0.0005 cells/dayd £3=0.0001 74=0.15 Xs0 = 1500 cellsid

Yoo = 400 cellsd X30 = 1000 virions/A X40= 1500 cells n=>5
2000 1000 1500
CD4+ T cells HIV-1 infected CD4+ T cells HIV-1 vrions
1500 800
600 1000
1000
400
500
500 200
0 0 0
0 25 5 75 10 0 25 5 75 10 0 25 5 75 10
— ] m - x1' — ) eeoooe x2' — )] eeooe x3'
8000 4000 5000
CD8+ T cells HAART drug dynamics
6000 - 3000 4000
’ ~
3000
4000 2000
2000
2000 1000 .
1000 KS cancer cells dynamics
0 0 0
0 25 5 75 10 0 2.5 5 75 10 0 25 5 75 10
X4 =———- x4 X5 =e=—-—- X5 X6 ==———- X6

Fig. 3. Smulation results using parametric configurations A vs. Py’
(Ps' is the modified B same ag?; except,= 0 instead of3,= 0.01. The time axis unit is year.)
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Table 4. Hypothetical AIDS patient parametric configuration 2

S =800 /day/d S, =800 /day/ S =10 /dayld S, = 2000 /dayd D = 4000 units c; =10.25
a, = 0.15 /day/celji a, = 0.11 /day/celj 3=0.03 virions/CD&4/day/u a, = 0.35 /day/celj o= 0.5mgday ¢, = 0.00075
b, = 0.01 /cell{d b, = 0.004/cell/A [s= 2.75 virions/CD4/day b, = 0.01/celld 0, = 30mgday o,= 7mgday
a1 = 0.5/day/viriong o= 0.5/dayl/virionsid oz = 0.027 /day/viriongA K, = 0.0024 /dayi o3= 5mgday ks=0.0025/dayid
k; = 0.0005/dayi k, = 0.005/dayd ks = 0.0001/dayi ks = 0.08/day/4 ks=0.001/day/d Ay=5.5mg/L
qu = 0.00045/dayh/cell @, = 0.00001/dayill/cell e = 0.0001 /day ey = 0.0002 Ao=5mg/L X0 = 2500cells
€10 = 0.0025 cells/dayd B, = 1.5 virions/CD#/day  #:1= 0.055 cells/dayfd A= 10mg/L
X10= 500 cellsid Ky = 0.0001/dayi $=0.85 n2=0.055 As=0.015mg/L
€0 = 0.0005 cells/dayt $3=0.0001 74=0.15 Xs0 = 1500 cellsid
Xo¢ = 400 cells/d %30 = 1000 virions/d X40= 1500 cellsid n=>5
600 2000
CD4' T cells HIV-1 virions .
1500 PR ‘l
400 ” \
1000 /7 N
200 w00 s
0 0 4 8 i 0 °
Xl ==———— x| e—) eeeeex2  e—E ee=e—- x3
2000 20000
CD8' T cells KS cancer cells dynamics
1500 15000 l‘\
R
1000 ' 10000 H
\
500 N 5000 /
]
0 0
0 4 8 0 8
X4 ==———- x4 je— eeeeex | e— = X6'

Fig. 4. Smulation results using parametric configurations A vs. P,

(P4 is the modified 2 same as?, except D= 1000 instead of Bx 4000. The time axis unit is year.)
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It can be observed from Fig. 2 that the adoptivepsferred ex-vivo IL2 incubated CD8+ T cells wilfe
dose rateD of 4000 units of HAART drug and the ACI ex-vivo 8D T cells (3 = 2000) were
comparatively effective in reducing the growth rafekS cells which have the lower value @f= 6.405 as
compared to the KS cells with the higher value,of 10.25. It can also be observed from the simutati
results that the immune system of the patientdenstituted during the HAART and ACI therapy.

5.3 Simulation for hypothetical KS patient #3

The effect of non-zero syncytia is investigatedhis section. A hypothetical patient #3 with parnice
configuration/” with non-zero syncytial rateBf{= 0.01) is compared to a hypothetical pati&itwith zero
syncytial rate & = 0). For both patientg; = 10.25, and D = 4000 are fixed.

The simulation results show that the differencevieen the digital prognoses of the hypotheticalgpasi are
negligible except for the dynamics of CD84)(T cells In particular, the peak of the CD8+ fera syncytia

is lower than that of non-zero syncytia. Also ip@ssible to compare the results with those ofiGe&.1. In
section 5.1, the dynamics of the CD8+ cells havasymptotic configuration aftér= 5 as compared to the
dynamics of CD8+ cells in section 5.2 that showapidly decreasing rate aftér= 5. In addition, the
dynamics of KS is concave up and concave down céispéy in sections 5.1 and 5.2. It can be obsgrve
from the simulation results that the immune systd#rthe patient is reconstituted during the HAARTdan
ACI therapy.

5.4 Simulation for hypothetical KS patient #4

The effect of HAART drug dose rate is investigatethis section. The hypothetical patient #4 isjeatto
two dose regimes of HAART drug with respective deges of D = 4000/,) and D = 10004&’). The
syncytial rates are kept fixed A=0.03 and the KS growth rate is fixedcat= 10.25.

The simulation results in Figure 4 show the follogui

(i) The digital prognosis for the two scenarios is pbecause the non-infected CD4+ T cells are
annihilated in both cases.

(i) The dynamics of the CD HIV-1 infected CD4+ T cédisuch that the rate fo= 4 tot = 8 shows a
spike for the lower dose rate bf= 1000.

(iii) The HIV-1 virions dynamics exhibits a marked spigeD =1000 emanating &t=6 that peaks dt
=10.

(iv) The effect of a higher HAART dose on KS is negligibxcept for a spike in KS growth ratetat
=10.

(v) With a non-zero and higher syncytia rate, the imensystem is not reconstituted at eitBer 4000
or D =1000. In particular, the non-infected CD4+ T selte annihilated in both dose regimes.

6 Summary and Future Work

The results presented in this paper can be sumadhbirizthe following statements:

(i) It is possible, in principle, for HAART to annihila HIV-1 infected CD4+ T cells and HIV-1
virions without necessarily eliminating KS.

(i) ACI with adoptively transferred tumor infiltratin@D8+ T cells can lead to remission in KS
inpatients with HIV-1 induced AIDS who are undem@HAART.

(iii)y The combined use of ACI and HAAART can lead to inmaueconstitution of CD4+ T cells as
seen in simulations with hypothetical patient #BisTeffect is confirmed by the work of Bihl et al.
in [22].
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(iv)  Under certain patient parametric configuration$igher density of syncytia, as indicated by a
higher value off%, prevents reconstitution of CD4+ T cells at vasialoses of HAART drug
cocktail. This effect was observed in hypothetmaient #4.

The major difficulty associated with this modelttee determination and estimation of the physiologic
interaction constants and stoichiometric coeffitsertt is possible to obtain or estimate most ahthby
statistical analysis of biophysical data fromwvitro experiments oin-vivo animal or human data.

In future a more plausible formulation of the syiewill be attempted in which the quadratic tepnx, x,

will be remodeled. The model equations (3.1) weél frefurbished with appropriate time delays whicé ar
associated with HIV-1 latency. Another feature b€ tfuture model will be the inclusion of time lags
involved in ACI therapy. In particular, more inviggitive simulations will be presented.
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