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In continuation of our earlier work, in which we analysed the charged particle multiplicities in leptonic and hadronic interactions at
different center-of-mass energies in full phase space as well as in restricted phase space using the shifted Gompertz distribution, a
detailed analysis of the normalized moments and normalized factorial moments is reported here. A two-component model in which
a probability distribution function is obtained from the superposition of two shifted Gompertz distributions, as introduced in our
earlier work, has also been used for the analysis. This is the first analysis of the moments with the shifted Gompertz distribution.
Analysis has also been performed to predict the moments of multiplicity distribution for the e"e” collisions at v/s = 500 GeV at

a future collider.

1. Introduction

In one of our recent papers, we introduced a statistical
distribution, the shifted Gompertz distribution to investigate
the multiplicity distributions of charged particles produced in
e"e collisions at the LEP, pp interactions at the SPS and pp
collisions at the LHC at different center of mass energies in
full phase space as well as in restricted phase space [1]. A
distribution of the larger of two independent random variables,
the shifted Gompertz distribution was introduced by Bemmaor
[2] as a model of adoption of innovations. One of the
parameters has an exponential distribution and the other has
a Gumbel distribution, also known as log-Weibull distribution.
The nonnegative fit parameters define the scale and shape of
the distribution. Subsequently, the shifted Gompertz
distribution has been widely studied in various contexts [3-5].
In our earlier work [1] by studying the charged particle
multiplicities, we showed that this distribution can be
successfully used to study the statistical phenomena in high
energy e'e , pp, and pp collisions at the LEP, SPS, and LHC
colliders, respectively.

A multiplicity distribution is represented by the proba-
bilities of n-particle events as well as by its moments or its

generating function. The aim of the present work is to extend
the analysis by calculating the higher moments of a multi-
plicity distribution. Because the moments are calculated as
derivatives of the generating function, the moment analysis
is a powerful tool which helps to unfold the characteristics
of multiplicity distribution. The multiparticle correlations
can be studied through the normalized moments and nor-
malized factorial moments of the distribution. The depend-
ence of moments on energy can also reveal the KNO (Koba,
Nielsen, and Olesen) scaling [6-8] conservation or violation.
Several analyses of moments have been done at different
energies, using different probability distribution functions
and different types of particles [9-12]. The higher moments
also can identify the correlations amongst produced
particles.

In Section 2, formulae for the probability distribution
function (PDF) of the shifted Gompertz distribution, normal-
ized moments, and the normalized factorial moments used
for the analysis are given. A two-component model has been
used and modification of distributions carried out, in terms
of these two components; one from soft events and another
from semi-hard events. Superposition of distributions from
these two components, using appropriate weights is done to
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FIGURE 1: Dependence of & on c.m. energy and pseudprapidity for pp interaction.

build the full multiplicity distribution. When multiplicity dis-
tribution is fitted with the weighted superposition of two
shifted Gompertz distributions, we find that the agreement
between data and the model improves considerably. The details
of these fits are published in [1]. The distributions have been
fitted both in full phase space as well as in restricted rapidity
windows for pp and pp data and in five rapidity windows and
in full phase space only fore”e, in terms of soft and semi-hard
components.

Section 3 presents the evaluations of moments from exper-
imental data, the fitted shifted Gompertz distributions and the
fitted modified shifted Gompertz distributions. Section 4
details the method of estimating uncertainties on the moments.
Discussion and conclusion are presented in Section 5.

2. Shifted Gompertz Distribution and Moments

The particle production dynamics can be understood by
analysing the charged particle multiplicity distribution as its
measurements can provide relevant constraints for
particle-production models. Charged particle multiplicity is
defined as the average number of charged particles n, produced
in a collision at a given energy in the center of mass system.
In addition, the analysis of moments of the distribution
is often used to study the patterns and correlations in the
multi-particle final state of high-energy collisions in the pres-
ence of statistical fluctuations. The fractal structures present
in the multiplicity distributions have often been studied to
search for the embedded constraints on the underlying par-
ticle production mechanism [13, 14]. The observation of
fractal structures is of great interest because it imposes strong
constraints on the underlying particle-production mecha-
nism. We define different kinds of moments as follows.

Let X be any nonnegative random variable having the
shifted Gompertz distribution with parameters b and f3, where
b > 01is a scale parameter and 3 > 0 is a shape parameter. The
probability distribution function (PDF) of X is given by

Py(x;b, B) = be_(h“ﬁe?bx)(l + ﬁ(l - e_bx)), where x > 0.
(1)

The raw moments (c,) and factorial moments (f,) are defined as:

¢, = E[X"] and f, = E[(X)(X - 1)(X -2)....(X - (n-1))],
(2)

whereas, the normalized moments (C,) and normalized fac-
torial moments (F,) are defined as following:

_EOX -1DX-2)...(X-(n-1)]
(E[X])"

E[X"]
W= - and F, ,
(E[X])
3)
n as a natural number ranging from 1 to co. The mean value
(E[X]) of shifted Gompertz distribution is given by

E[X] = 1( +Inp+ 1-e? +T[0 [3])
b\" B ’ (4)
and the ¢, moment is given by
6 =E[X’] = bz_zﬂ()’ +T[0, ] + B, [{1, 1,1}, {2,2,2}, -] + Inp).
(5)

The higher order raw moments (¢,) can be found by the
moment generating function of the shifted Gompertz distri-
bution [[b, 8],t]

(-t o
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FIGURE 2: Charged multiplicity distributions from L3 experiment. Solid lines represent the shifted Gompertz distribution and the modified

shifted Gompertz distributions.

Also f, moment is given by

£, = E(()(X - 1)] = é(y +T[0, 8] + BB (1, 1,1},

{2,2,2},-B] + InpB)

(7)
) (1-€7*+B(y+T[0, ] +1np))

bp '

The higher factorial
generating function

([b, Bl.t]

moments (f,) can be found by the
of shifted Gompertz distribution
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FIGURE 3: Normalized moments of shifted Gompertz distribution for the e"e” collisions recorded by the L3 and OPAL experiments at different

energies.

where
(i)
(ii)

y = 0.5772156 stands for the Euler constant (also

referred to as Euler—Mascheroni constant).

I'[s] the Euler Gamma function and T[s,x] the
incomplete Gamma function defined below;

I'[s] = J e dt
0

I'[s,x] = J

(o]

X

e dt,

(iii) ,F,is a generalized hypergeometric function.

00 (_ 1\k+1 pk+l
BHLL1L 22,2, -] =Y % (10)
k=1 *

2.1. Modified Shifted Gompertz Distribution. It is well
established that at high energies, charged particle multiplicity
distribution in full phase space becomes broader than a
Poisson distribution. The most widely adopted, negative
binomial distribution [15] to describe the multiplicity
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FIGURE 4: Normalized factorial moments of shifted Gompertz distribution for the e"e” collisions recorded by the L3 and OPAL experiments

at different energies.

spectra, fails to explain the experimental data. As a corrective
measure to explain the failure, a two-component approach,
was introduced by Giovannini et al. [15]. The details are
included in our earlier publication [1] on the shifted
Gompertz distribution.

To better explain the data at high energies, a superposition
of two shifted Gompertz distributions, which are interpreted
as soft and hard components, is used. The multiplicity

distribution is produced by adding weighted superposition of
multiplicity in soft events and multiplicity distribution in
semi-hard events. This approach combines merely two classes
of events and not two different particle-production mecha-
nisms. Therefore, no interference terms need to be introduced.
The final distribution is the superposition of the two inde-
pendent distributions. We call it “modified shifted Gompertz
distribution”
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FIGURE 5: Normalized moments of modified shifted Gompertz distribution for the e*e” collisions recorded by the L3 and OPAL experiments

at different energies.

P(n) = aPJ7"™ (n) + (1 - )P0 (). (11)
Adopting this approach for the multiplicity distributions in
e'e’, pp,and pp collisions at high energies, the data at different
energies are fitted with the distribution which involves five
parameters as given below;

P (a: b, Bsb,, B,) = aP,(soft) + (1 — a)P, (semi-hard),
(12)
where «is the fraction of soft events, (b, 8,) and (b,, 3,) are respec-
tively the scale and shape parameters of the two distributions.
Values of « evaluated for different interactions, were
published in the Tables in our previous paper [1]. In Figure 2,
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FIGURE 6: Normalized factorial moments of modified shifted Gompertz distribution for the e"e collisions recorded by the L3 and OPAL

experiments at different energies.

we show the variation of « as a function of collision energy
and pseudorapidity for pp interactions at LHC energies. The
values show that the alpha decreases with collision energy
as well as with increasing pseudo-rapidity window.

3. Analysis and Results

Calculations of the normalized moments and the normalized
factorial moments are presented by using the data from differ-
ent experiments and following three collision types;

(i)

(ii)

e"e annihilations at different collision energies, from
91 GeV up to the highest energy of 206 GeV at LEP2,
from two experiments L3 [16] and OPAL [17-20] are
analysed.

pp collisions at LHC energies from 900GeV,
2360 GeV, and 7000 GeV [21] are analysed for five
intervals of increasing extent in pseudorapidity
7| < 0.5up toly| < 2.4.

(iii) pp collisions at energies from 200 GeV, 540 GeV, and

900GeV [7, 8] are analysed in full phase space as
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well as in pseudorapidity intervals from || < 0.5 up
to || < 5.0, where 77is defined as —In[tan (6/2)], and
0 is the polar angle of the particle with respect to the
counter-clockwise beam direction.

results for L3 data are shown in Figure 1. To avoid repetition,
the details of other Figures are not given here. It was shown
that the data are very well explained by the modified shifted
Gompertz distribution and the x” values for the fits in almost
all cases reduce substantially. In the present analysis we cal-
culate the normalized moments and the normalized factorial
moments defined in Equations (2)-(8).

The PDF defined by Equation (1) is used to fit the experimental
data on charged particle multiplicity distributions, for the

shifted Gompertz function and the modified (two-compo-
nent) function. Results from these fits to the above mentioned
data were published in our earlier work [1]. As an example,

Figures 3-6 show the normalized moments (C,) and the
normalized factorial moments (Fq) calculated from the data
of two experiments at LEP, at different energies for e'e”
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FIGURE 9: Normalized factorial moments F, of modified shifted Gompertz distribution for the pp collisions recorded by the UA5 experiment
at different energies, in full phase space and pseudo-rapidity bin, |#| < 0.5.

collisions and also from the fitted shifted Gompertz and mod-
ified shifted Gompertz distributions. The values of the
moments are documented in Table 1.

Figures 7-10 show the normalized moments (C q) and the
normalized factorial moments (F ) calculated from the data
and from the modified shifted Gompertz distribution for the
pp data at energies from 200, 540, and 900 GeV, in four rapid-
ity bins and full phase space. The values of the moments are
documented in Table 2.

Figures 11-14 show the normalized moments (C q) and the
normalized factorial moments (F, q) calculated from the data and
from the modified shifted Gompertz distribution for the pp data
at energies from 900, 2360, and 7000 GeV in five rapidity bins.
The values of the moments are documented in Table 3.

It is observed that the moments decrease with the increase
in rapidity window, at all energies. It is also interesting to compare
the results from ppto pp collisions at the same c.m. energy. From
the comparison at 900 GeV, we find that the moments have higher
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FIGURE 11: Normalized moments C, of modified shifted Gompertz distribution for the pp collisions recorded by the CMS experiment at

different energies and in two pseudo-rapidity bins, |5| < 0.5 and 1.0.

values in case of pp than pp. For example, we include Figure 15
to show the dependence for |57| < 0.5. However values of multi-
plicity for pp collisions at 900 GeV in full phase space are not
available. In addition, for pp and for pp the rapidity intervals are
also different. So a direct comparison is not feasible.

Figures 5-14, described above, are shown only for the
modified shifted Gompertz distributions. To avoid repetition
and cluttering of figures, the figures for shifted Gompertz dis-
tributions are only included for e"e” collisions and are not
included for pp and pp data. However the values of the
moments are given in Tables 1-3.

The predictions for normalized moments and normalized
factorial moments are also made for e”e” collisions at 500 GeV
at a future collider. Using the shifted Gompertz distribution, the
prediction for probability distribution is made, as shown in
Figure 16. Using this predicted distribution, 1o confidence inter-
val band, moments have been calculated, as given in Table 4.

It is observed that in case of pp and pp interactions, C,, C,
and F,, F, remain roughly constant with energy while higher
moments C,, Cs, F,, F; show an increase with increasing energy.
The increase becomes more evident for larger rapidity windows.
This leads to the depiction of violation of KNO scaling at high
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FIGURE 13: Normalized factorial moments F, of modified shifted Gompertz distribution for the pp collisions recorded by the CMS experiment

at different energies and in two pseudo-rapidity bins, || < 0.5 and 1.0.

energies. Same conclusions have been reported in Ref. [21] for
pp collisions at the LHC. However for the e"e” collisions, the
moments are roughly independent of energy. This is expected
as the collision energy is low, nearly at the onset of energy range,
which marks the start of KNO scaling violation.

4. Uncertainties on Moments

Given a distribution P(n) which is normalized to unity with
an uncertainty €,, and assuming that the errors on the

individual bins are uncorrelated, the moment errors can be
calculated using the method described in [22], using the partial
derivatives:

9C, _ n'(n) - (n")qn

oP, (n)?*! (13)

% n(n-1)..(n-qg+1){n) —(n(n-1)...(n-q+1))qn
op, ()™ '

(14)
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FIGURE 16: Probability distribution predicted from shifted Gompertz distribution, in 1o confidence interval band, for the e"e” collisions at

500 GeV.

The total error is then

ox, \
2 q
Eq:;(¥€n> s (15)

where X is C_or F,.

In the published data, multiplicities are given either as
(value + statistical error + systematic error) or as (value + error).
The errors on the multiplicities have been taken as the total error,
by adding the statistical and systematic errors in quadrature.

5. Conclusion

An analysis of moments of multiplicity distributions described
within a newly proposed statistical distribution, the shifted

Gompertz distribution and its modified form has been done.
We had proposed and shown that the use of this statistical
distribution for studying the multiplicity distributions in high
energy collisions reproduces the results in e*e”, pp, and pp
collisions very well.

A good agreement between the normalized moments as
well as normalized factorial moments obtained from the
shifted Gompertz distribution and its modified form with
the experimental values, serves as a good test of the validity
of the proposed distribution. The results have reproduced
the violation of KNO scaling as observed for higher moments
in the measured data. At higher energies, particularly at
LHC energies, the moments strongly are dependent on the
energy. The information dissemination from such an
analysis is often used to study the patterns and correlations
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in the multiparticle final state of high-energy collisions in
the presence of statistical fluctuations. In this connection,
we find that the factorial moments are large indicating cor-
relations amongst the produced particles. The predictions
for normalized moments and normalized factorial moments
are also made for e'e” collisions at 500 GeV at a future
collider.

Data Availability

All the data used in the paper can be obtained from the refer-
ences quoted or from the authors.
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