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Abstract

Let X =1,,2<p<oo. Let F: X - X" and K : X* — X be bounded maximal monotone
mappings such that the Hammerstein equation u 4+ K Fu = 0 has a solution. An explicit iteration
sequence is constructed and proved to converge strongly to a solution of this equation. Our
method of proof is also of independent interest.
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1 Introduction

Let H be a real Hilbert space. A map A : H — 2¥ is called monotone if for each z,y € H, the
following inequality holds:
E—myx—y)>0 V&€ Az, T € Ay. (1.1)

The monotonicity condition in Hilbert space has been extended to arbitrary normed linear spaces.
To introduce one of two known and studied extensions, we need the following definition.

Let E be a real normed space with dual space E*. A mapping J : £ — 27" is called the normalised
duality map if for each z € E,

Jr={a" € E": (z,2") = |[2[l||="], [|=[| = ||l="]}.
A map A : E — 2F is called accretive if for each x,y € E, there exists j(z —y) € J(z — y) such that
(€—1,j(x—y)) >0, VEe€ Az, 7 € Ay. (1.2)

It is well known that if E is a real Hilbert space, then J = I, the identity map on E. In this case,
the inequality (1.2) reduces to inequality (1.1). Hence, accretivity in normed spaces is one extension
of Hilbert space monotonicity condition to arbitrary real normed spaces.

Also, a mapping A : F — 2P is called monotone if for all z, y € D(A)
(E—Cx—y)>0 V€€ Az, V(¢ € Ay. (1.3)

It is clear that if F = H a real Hilbert space, then E = E* = H and inequality (1.3) coincides
with the monotonicity definition in Hilbert spaces. So, this is another extension of Hilbert space
monotonicity.

A mapping A: X — 2% is said to be maximal monotone if it is monotone and for (z,u) € X x X~
the inequalities (u — v,z —y) > 0, for all (y,v) € G(A), imply (z,u) € G(A) where G(A) is the
graph of A.

Let Q@ C R™ be bounded. Let k : @ x Q@ — R and f : © x R — R be measurable real-valued
functions. An integral equation (generally nonlinear) of Hammerstein-type has the form

u() + / K 9) £ (0, u(w))dy = w(z), (1.4)

where the unknown function v and inhomogeneous function w lie in a Banach space E of measurable
real-valued functions. If we define F': 7(Q,R) — F(Q,R) and K : F(Q,R) = F(Q,R) by

Fu(y) = f(y,u(y)), = € Q,
and

Kvu(z) = /Q k(z,y)v(y)dy, = € Q,

respectively, where F(£2, R) is a space of measurable real-valued functions defined from Q2 to R, then
equation (1.4) can be put in the abstract form

u+ KFu=0. (1.5)
where, without loss of generality, we have assumed that w = 0.

Interest in (1.4) stems mainly from the fact that several problems that arise in differential equations,
for instance, elliptic boundary value problems whose linear parts possess Green’s function can, as
a rule, be transformed into the form (1.4) (see e.g., Pascali and Sburian [1], chapter IV, p. 164).
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Equations of Hammerstein-type also play a crucial role in the theory of optimal control systems
and in automation and network theory (see e.g., Dolezale [2]).

Several existence results have been proved for equations of Hammerstein-type (see e.g., Brézis and
Browder [3, 4, 5], Browder [6], De Figueiredo and Gupta [7]).

In general, equations of Hammerstein-type are nonlinear and there is no known method to find
close form solutions for them. Consequently, methods of approximating solutions of such equations,
where solutions are known to exist, are of interest. Attempts had been made to approximate
solutions of equations of Hammerstein-type using Mann-type (see e.g., Mann [8]) iteration scheme.
However, the results obtained were not satisfactory (see [9]). The recurrence formulas used in these
attempts, even in real Hilbert spaces, involved K ~! which is required to be strongly monotone
when K is, and this, apart from limiting the class of mappings to which such iterative schemes are
applicable, is also not convenient in any possible applications.

Part of the difficulty in establishing iterative algorithms for approximating solutions of Hammerstein
equations seems to be that the composition of two monotone maps need not be monotone.

The first satisfactory results on iterative methods for approximating solutions of Hammerstein
equations involving accretive-type mappings, as far as we know, were obtained by Chidume and
Zegeye [10, 11].

Recently, the following important result was proved in a Hilbert space by Chidume and Djitte.
Theorem 1.1. [Chidume and Djitte, [12][Let H be a real Hilbert space and F, K : H — H be

bounded and mazimal monotone operators. Let {un}ne1 and {vs}arz, be sequences in H defined
iteratively from arbitrary points ui, vi € H as follows:

Unt+1 = Un — An(Fun — 0n) — Anbn(Un —u1), n > 1, (1.6)

Un+1 = Un — )\n(KUn + Un) - )\nen(vn - ’U1)7 n > 1, (17)

where {An oy and {0n}n1 are sequences in (0, 1) satisfying the folliowing conditions:
(3) limp—eo 0 =0,
(i6) 30 Anb = 00, An = 0(6),
)
. =0.

(idi) limy, o0~ =

Suppose that v + KFu = 0 has a solution in H. Then, there exists a constant do > 0 such
that if An < dobr for all n > ng for some nog > 1, then the sequence {un}n=i converges to u*, a
solution of u+ KFu = 0.

Remark 1.1. As is well known, among all infinite dimensional Banach spaces, Hilbert spaces have
the nicest geometric properties (Chidume [13]). However, even with these nice properties of Hilbert
spaces, it is known that many and probably most, mathematical objects and models do not naturally
live in Hilbert spaces. We quickly remark that once one moves out of Hilbert spaces, one loses these
nice properties.

It is our purpose in this paper to prove a strong convergence theorem in [, spaces (2 < p < o0)
which extends Theorem 1.1 to a more general space. Our method of proof is also of independent
interest.
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2 Preliminaries

Let FE be a normed space with dimFE > 2. The modulus of converxity of E is the function dg :
(0,2] — [0, 1], defined by

. T+y
6p() = inf {1 = | 2| el = Iyl = L3¢ = lle — ] }.
It is known (see e.g., Alber [14]) that if
e E=1,, (2<p<o0o) then
—_1 [/ €E\P
oe(e) > p (5) (2.1)
e E=1p, (1 <p<2)then
(p— 1)
> — .
bu() > ©] (22)
e E=1,, (1<q<2)then
(= 1€
> - .
e > 1] (23)

The space F is uniformly convez if and only if 6g(e) > 0 for every € € (0, 2].
A Banach space E is said to be strictly conver if
z +
lell =Nyl =1, =2y = |“52[ <1

Let F be a real normed linear space of dimension > 2. The modulus of smoothness of E ,
pE : [0,00) — [0,00), is defined by:

T+ Y|+ |z —
ptr) i sup LTI =My — gy =, >0}
A normed linear space E is called uniformly smooth if
lim 22(0) _ ¢,
T—0 T

The norm of F is said to be Fréchet differentiable if for each x € S := {u € E : ||[u|| = 1},

t—0 t

exists and is attained uniformly for y € E.

In the sequel, we shall need the following definitions and results. Let E be a smooth real Banach
space with dual E*. The function ¢ : E x E — R, defined by,

$(a,y) = |lz|* = 2(z, Jy) + |ylI*, for z,y € E, (2.4)

where J is the normalized duality mapping from E into 2F ", It was introduced by Alber and has
been studied by Alber [15], Alber and Guerre-Delabriere [16], Kamimura and Takahashi [17], Reich
[18] and a host of other authors. If E = H, a real Hilbert space, then equation (2.4) reduces to
oz, y) = ||z — y||* for ,y € H. It is obvious from the definition of the function ¢ that

(lzll = lly1)* < é(a,y) < (2l + llyl)* for z,y € E. (2.5)
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Define amap V : X x X* — R by
V(z,2") = |laf* - 2(z,2") + [l"]*. (2.6)

Then, it is easy to see that

V(z,z*) = ¢z, J (z*)) Vo € X, =" € X (2.7)
Lemma 2.1. ([Alber, [15]]) Let X be a reflexive striclty convex and smooth Banach space with X*
as its dual. Then,

V(z,z*) +2(J 2" —2,y") < V(z, 2" +y") (2.8)
forallz € X and z*,y" € X*.

Lemma 2.2 (Kamimura and Takahashi, [17]). Let X be a real smooth and uniformly conver Banach
space, and let {xn} and {yn} be two sequences of X. If either {xn} or {yn} is bounded and
& (Tn,yn) = 0 as n — oo, then ||zn — yn|| = 0 as n — oco.

Lemma 2.3. (Xu [19]) Let p, be a sequence of non-negative real numbers satisfying the relation:
prt+1 < (L= Bu)pn + Bnln +n, n >0, (2.9)

where,

() Bn C[0,1], > Bn = o0; (i) limsup(, < 05 (482) v > 0; (n>0), > 9n < oco. Then, p, — 0
as n — oo.

Remark 2.1. Let E* be a strictly convex dual Banach space with a Fréchet differentiable norm and
A: E — 27" be a maximal monotone map with no monotone extension. Let z € E* be fixed.
Then for every A > 0, there exists a unique x) € E such that z € Jzx + AAzx (see Reich [20], p.
342). Setting Jxz = xx, we have the resolvent Jy := (J + )\A)*1 : E* — E of A, for every A > 0. A
celebrated result of Reich follows.

Lemma 2.4. (Reich, [20]). Let E* be a strictly convex dual Banach space with a Fréchet differentiable
norm and let A : E — E* be mazimal monotone such that A7'0 # 0. Let z € E* be an arbitrary but
fixed vector. For each A\ > 0, there exists a unique xx € E such that z € Jxx + ANAxx. Furthermore,
xx converges strongly to a unique v € A710.

Lemma 2.5 (Alber, [14], p45). Let X be a uniformly convex Banach space. Then for any R > 0
and any x, y € X such that ||z|| < R, |ly|| < R the following inequality holds:

(Ja = Jy,x —y) > (2L) 'éx (e [le —yl), (2.10)
where c; = 2max{1l,R}, 1 < L < 1.7.

For X =1, (2 <p < co0) we have that

(Jr — Jy,z —y) > M. (2.11)
’ = 2r+1pLch

Also for X =14, (1 < ¢ < 2) we have using 2.3 that

— 1|z —y|?
(Jo— Jy,x—y) > % (2.12)
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Lemma 2.6 (Alber, [14], p45). Let X be a uniformly smooth and strictly convexr Banach space.
Then for any R > 0 and any =, y € X such that ||z|| < R, ||y|| < R the following inequality holds:

(Jo — Jy,z —y) > (20) "dx+(c3 ' ||Jz — Jyl|), (2.13)
where co = 2max{1,R}, 1 < L < 1.7.
For X =1, (2 < p < 0o0) we have using 2.3 that
(g = DllJa— Iyl

(Jz —Jy,z—y) > 39Lc2 (2.14)
Also, for X =14, (1 < ¢ <2) we have using 2.3 that
/2 — Jyl”

Lemma 2.7 (Alber, [14], p.50). Let X be a reflezive strictly convex and smooth Banach space with
dual X*. Let W : X x X — R be defined by W (z,y) = %d)(y,x). Then,

qﬁ(y,iﬂ)*(,‘b(y,Z) 22<J{B*J2:,ny>, (216)
and
W(z,y) < (Jx = Jy,z —y), (2.17)
forall z,y,z € X
Lemma 2.8. From Lemma 2.4, if we set \,, 1= i where 0, — 0 as n — oo, z = Jv for some

-1
v € E, and yy, := (JJr Q—IHA) z, we obtain that:
Ayn = 0n(Jv — Jyn), (2.18)
yn =y~ € AT,

where A : E — E* is mazimal monotone. We observe that equation (2.18) yields

% (Aynfl - Ayn) = % (JU - Jyn—l)-

Taking the duality pairing of the LHS of this equation with yn—1 — yn, and using the monotonicity
of A we obtain that,

Jynfl - Jyn +

8n7 _971
(Tyam1 = Tynsyn-t = ya) < | J0 = Ty |[lyn-1 = yall (2.19)
It follows that for E =1, (2 < p < o), using equations 2.11, 2.14 and 2.19 we obtain that,

1

Opn—1—0n\ P
lyn—1—yn| < (197) C1, and (2.20)

0 0,2

| Jyn—1 — Jyn| < <7"‘19 "> Cs, (2.21)

where C1 and C2 are some positive constants.
Similarly, for E* =1q (1 < q < 2), using equations 2.12, 2.15 and 2.19 we obtain that,

* * 077.— 7071 3
lyn—1 —wnll < (;7) *Csy, and (2.22)
* * en—l - en %
[ eyn—1 — Jsynll < o Cu, (2.23)

where Cs and Cy are some positive constants.
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The following important results are known.

Lemma 2.9. Let E be a smooth real Banach space with dual E* and the function
¢: Ex E— R defined by,

$(w,y) = ||z - 2(z, Jy) + |yl*, for z,y € E,
where J is the normalized duality mapping from E into 28" Then,
oy, x) = ¢(z,y) + 2(z, Jy) — 2(y, Jz). (2.24)

Lemma 2.10. Let X, X* be uniformly convex and uniformly smooth real Banach spaces. Let
E =X x X* with the norm ||z||g = (Jul|x + ||UHX*)%, for any z = [u,v] € E. Let E* = X" x X
denote the dual space of E. For arbitrary v = [x1,x2] € E, define the map Jg : E — E* by

Je(x) = Jplr1, 2] := [Jx (1), Jx+ (22)],

so that for arbitrary zi1 = [u1,v1], 22 = [u2,v2] in E, the duality pairing (-,-) is given by
(21, J) := (w1, x (u2)) + (1, Jx~(v2)).

Then, E is uniformly smooth and uniformly convex.

Lemma 2.11. Let E be a uniformly convex and uniformly smooth real Banach and F : E — E*,
K : E* — E be mazimal monotone. Define A: E x E* — E* x E by

Alu,v] = [Fu—v,Kv+u| V [u,v] € E X E".
Then, A is mazimal monotone.

Remark 2.2. From Lemma 2.4, setting \,, := i where 6, — 0 asn — 00, z = [21, 22] = JExE*[u, ]

—1
for some [u,v] € E x E*, and [yn, y5] == (JEX,;* + iA) [21, z2], we obtain that:

1 X
JYn + Q—(Fyn —yp) =21, ¥n >0, and (2.25)
* 1 *
Jutn + 5= (Kyn +yn) = 22 ¥ 2 0; (2.26)

Remark 2.3. Let y, — y and y,, — y*. From lemma 2.4 we have that [yn, y;] converges to a point
in A7'0. This implies that [y,y*] € A~'0. Consequently, Afy,y*] = 0, that is, Fy — y* = 0 and
Ky*+y=0. Hence, y* = Fy and y + KFy = 0.

3 Main Results

In theorem 3.1 below, the sequences {\,}n—1 and {6, }n=1 are in (0,1) and are assumed to satisfy
the following conditions:
(1) A0 = 0asn— 00, Y 20 Apbn = 00;
1 1
(#1) (A + A2) < o0, where v > 0;
On—1—0n ) %
Anbn

1
(ii2) For p > 2, 377 Ak < o0, — 0 as n — oc.
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Theorem 3.1. Let E =1y, 2<p<oo, E*=1l3, 1<q<2and F:FE — E*, K: E* — FE be
mazimal monotone and bounded maps. For u1 € E ,v1 € E*, define the sequences {un} and {v,}
in E and E*, respectively by

Uni1 = J(Jun — An(Fn — vn) — Anbn (Jun — Jup)), n > 1, (3.1)

Vni1 = Jo (Jevn = A (Kvn + Un) — Aabn(Jevn — Jov1)), n > 1, (3.2)
Assume that the equation u + KFu = 0 has a solution. Then, the sequences {un}aoz1 and {vn }ne1
converge strongly to u* and v*, respectively, where u* is the solution of u+ K Fu = 0 with v* = Fu™.

Proof. We first prove that the sequences {un}nz; and {v,};2; are bounded.

For (un,vn), (u*,v") € E x E* where u* is a solution of (1.5) with v* = Fu”, set wn, = (un,vn)
and w* = (u*,v"). Define A: (E x E*) x (E x E*) = R by

A(w1, w2) = Pp(u1, u2) + ¢(v1, v2), (3.3)

where w1 = (u1,v1) and w2 = (u2,v2). Let E x E* be endowed with the norm ||(u, v)|| = (||ul|% +

||UH2E*)% We show that A(w*,w,) < r, for all n > 1 and for some r > 0. Using the fact that F’
and K are bounded, define

M := sup{||(Fu —v) + 0(Ju — Ju1)|| : (u,v) € Bexg=+,0 € (0,1)} + 1;

Ms := sup{||(Kv + u) + 0(J.v — Jyv1)|| : (u,v) € Bpxg*,0 € (0,1)} + 1;
M3 = sup{||(Ju — Jui|| : ||u]| < ro} + 1, for some o > 0;
My = sup{||J " (Ju — A(Fu — v) = \0(Ju — Ju1)) — u|| : (u,v) € Bexp=,\,0 € (0,1)} +1;
Ms := sup{||(Jv — Ju1]| : ||v|]| < ro} + 1, for some ry > 0;
M := sup{||J. " (Jov — M(EKv 4 u) — A(Jwv — Jov1)) — || : (u,v) € Bexp=,A,0 € (0,1)} + 1;
M; = (MyMy2P T pLel) s
M (321\{1%4;&%)%
M* =: max{2M; My + 2M; Ms, 2M3 My + 2M; My, My My + My M}

where ¢z and L are constants appearing in Lemma 2.5 and Bpxp= = {w € Ex E* : A(w*,w) < r}.
Let » > 0 be such that
Z A(w*, wl).

= m'n{l L}
"o :=ming 1, e

[N}

Define

Claim: A(w*,w,) <7, Vn > 1.
The proof of this claim is by induction. By construction, we have A(w*,w1) < 7.

Assume that A(w*,wy) < r for some n > 1. This implies that

d(u",un) + @(v*,vn) <7, for somen > 1.
We prove that A(w*, wn+1) < 7. Suppose, for contradiction, that this is not the case, then
A(w*, wp41) > r. From lemma (2.5), we have that
[ tns = Jun |1 — wnl]27* pLE
Ao M [[tin g1 — wn||2° T pLcE
A M1 M42P Lk

[E——T

ININ N
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This yields
1
[Junt1 — un|| < AE M. (3.4)
Similarly, we obtain
1
lnt1 — vn]] < A2 M5, (3.5)
Using the definition of u,+1, equation (2.7) and inequality (2.8) with

Y = M (Fun — vn) + Anbn(Jun — Jur),

we obtain
o(u  unt1) = VU, Jup — An(Fun — vn) — MOn(Jun — Juq))
< V', Ju,) — 2<un+1 —u" A (Fun — vn) + AnOn (Jun — Ju1)>
= o(u",un) — 2<Un+1 — Un, An ((Fun — ) + On(Jun — Jul))>
—2<un —u", ((Fun —Un) + On(Jun — Jul))>
Which implies that
P unt1) < P(u,un) 4 2l[unt1 — un[[And (3.6)

—2/\n<un —u", (Fup — vp) + 00 (Jun — Ju1)>
Observe that using the monotonicity of F' and J, we have:

<un —u*, (Fun — vn) + 0n(Jun — Ju1)>

> (un — v, (Fu™ —vn)) + 0n(un — tnt1, Jun — JUnt1)
+0n (Un, — Unt1, JUnt1 — Jur) + Op(tunt1 —u”, Jun — Junt1)
+0n (Unt1 — u*, Junsr — Jur)

> {un =, (" = vn)) — Bulln — wnsalllJumss — Jul

—On||unt1 — ||| Jun — Junt|| + On{tint1 — u”, Junt1 — Jui).

Substituting into inequality (3.6), we obtain

O uns1) < S un) + 2unss — unll||An (Futn = va) + 0a(Jun = Jun)) |
=2 {un — u™, (Fu™ — vp)) + 22000 ||un — tnt1 ||| Jtnt1 — Jua]]
+20005 | [un+1 — ||| Jun — Junt1|| — 22000 (Unt1 — u*, Jups1 — Ju).

Now, using inequality (2.16) of lemma 2.7 and inequality (3.4), we have that

1
¢(u*7 un+1) S ¢(U*7 un) - An6n¢(U*7 un+l) + An0n¢(u*7 ul) + )\n()\'g Mf)(QMl) + 2)\n0n()\an)M4
1
FAnOn (ANE MT)(2M3) — 220 {un — u™, (Fu™ — vy))
1
< (U, un) — Anbnd(u”, unt1) + Anbnd(u™, ur) + An[AE (2M7 My + 2M7 M3)) (3.7)

F2X 00 (A M1) My — 20 {(un, — 0™, (Fu™ — vy,))
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Similarly, using the fact that & and J are monotone, inequality (2.16) of lemma 2.7 and inequality
(3.5), we have

1
¢(’U*7 Un+1) S ¢(U*, vn) - >\n9n¢(v*7 'Un+l) + >\n9n¢(v*7 'Ul) + )\n [>\'n2 (2M;M2 + 2M§M5)]
+220 00 (A M2) Mg — 20 (vs, — 0", (Kv™ + uy))

Observe that since u* + KFu* = 0, setting Fu* = v*, we obtain that Kv* = —u”*, and these
equations yield

2An (un — v, (v — Fu™)) + 20 (vp, — 0", —(Kv" 4+ u,)) =0,

so that adding (3.7) and (3.8), we obtain

1 1
r < AW wns1) S AW wn) — A AW, Wht1) + A AW, w1) + An(AE + AZ)M™ + X0, (20 M™)
So we have

r< Aw"  wnt1) < AW, wn) — A A(w", Wrt1) + Anbn Alw™, w1) + AOnYoM™ + AnbnyoM™
r r r
< - nvn nVn nVn nVn -
< r )\497"+)\94+)\94+)\94<7‘

This is a contradiction, hence, A(w*, wnt1) < r and so A(w*,w,) < r for all n > 1. Consequently,
we have ¢(u”,u,) < r and ¢(v*,v,) < r for all n > 1. Thus from inequality (2.5), we have that
{tn}n>1 and {vn}n>1 are bounded.

We now prove that {u,} converges strongly to a solution of the Hammerstein equation.

Using equation (2.7), lemmas 2.9 and 2.1, with y* = An (Fun — vn) + A0n(Jun — Ju1), we have

dYnsunt1) = OWny I (Jn — An(Fin — v3) — A (Jun — Jur)))
V(yn, Jun) — 2{(Unt+1 — Yn, An(Fn — vn) + Anbn (Jun — Ju1))
G(tin; yn) + 2(tn, Jyn) = 2(yn, Jn) = 2Xn(tn 1 = Yn, (Fun — vn)
+0n(Jun — Ju1))
V(tun, JYn) + 2{tn, JYn) — 2{yn, Jtun) — 22An{tUn+1 — Yn, (Fun — vp)
+0n (Jun — Ju1))
V(tn, Jyn—1) = 2(Yn = tn; Jyn—1 = Jyn) + 2(tn, Jyn)) — 2(yn, Jun))
=2 (Unt1 — Yn, (Fun — vpn) + On(Jun — Ju1))
= O(Yn—1,Un) + 2(yn—1, Jun) = 2(tin;, Jyn—1) = 2(Yn = tn, Jyn—1 = Jyn)
+2(un, JYn) — 2(yn, Jun) — 2A0 (Unt1 — Yn, (Fun — vn) + On(Jun — Ju1))
= OYn—1,Un) + 2(Yn—1 — Yn, Jun) + 2(Yn, JYn — JYn-1)
=2 (Un+1 — Yny (Ftn — vn) + On(Jun — Jur))

IN

IN
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Appying monotonicity of F and using equations (2.25), (2.17), (3.4), (2.20) and (2.21), we have
d(yn,tnt1) < OWn—1,un) + [|yn = Yn—a|[K1 + [[Jyn — Jyn—1|[K2 + 2An[unt1 — unl| M
—2Xn (Un — Yn, (Ftn — vn) + On(Jun — Jur))
= OWn—1,un) + |lyn = yn1l|[ K1 + [[Jyn — Jyn—1[[K2 + 2An|[tins1 — un||M:

1 *
—2)\n<un — Yn, (Fun - Un) + en(Jun —Jyn — Q*(Fyn - yn))>

< ¢(yn—1:un) + Hyn - yn—lHKl + HJyn - Jyn—IHK? + 2>‘n|‘un+1 - unHMl
—2Xn{Un — Yn, Yn — Un) — 22000 (Un — Yn—1, JUn — JYn—1)
=200 (Uun — Yn—1, JYn—1 — JYn) — 2200 (Yn—1 — Yn, Jun — Jyn)
< OWn-1,un) +|yn — yna|[K1 + |[Jyn — Jyn—1[|K2 + 2An|un 1 — un||M:
=An0nd(Yn—1,un) + |[Jyn — JYn—1|| K3 + ||yn — yn—1||K1 — 2Xn(tn — Yn, Y — Un)
1
< OWn—1,Un) — Abnd(Yn—1,un) + (%) eh:e (3.8)

On 1 —On\3 v
+(%) *CaKe + 20 (AR M) My — 200 (un — Yn, Y, — Vn);

where K1, K2, K3, K4 are positive constants and K5 = K1 + K4, K¢ = K2 + Ks.

Similarly, applying monotonicity of K and using equations (2.26), (2.17), (3.5), (2.22) and (2.23),
we have
gn—l - en

%
; ) CsK: (3.9)

O vnt1) < G 1,0m) = Ml 1,00) + (
On1 — O\ b - oo i )
+(‘197) PCuKg + 20 (A M3 )Mz — 22 (U — Yy Un — Yn);

where C5, Cy, K5 and K§ are positive constants.

Hence, adding equations (3.8) and (3.9) we have

A(pnawn+1) S A(pn—hwn) - )\ngn (¢(yn—17un) +¢(y;‘17171}n)) +2An()\n)%M1*M1

F20 () MMy + (9"*107”_9")%01& + (9"*;7;6” " oK
+(76n710n_ en)%czKG + (76)”710; 0")%031(';.

Letting M* = maX{C1K5 + C4Kg, CQK6 + CgKg, QMI‘Ml, QMQ*MQ}, we have

1 1
A(pn7wn+l) S A(pnflywn)_ZAnanA(pnflywn +)\TIZM*+/\7%M*
en—l_en % * en—l_an % *
+( 0, )+ ( 0, )
Setting

1
.

Qn—slnfgn) M* en—slnfen) M* 1 1
P = A(Pn—1,Wn); Bn := Anbn; Cn == X + X P Yn = A MU AR M

we have
pn+1 < (1 - Bn)Pn + BnCn + Yo, n > 1.

11
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It now follows from Lemma (2.4) that p, — 0 as n— oo,i.e., A(prn—1,wn) — 0 as n— oo.
Consequently, by lemma (2.3), we obtain that lim||u, — yn—1|| = 0. Hence using remark 2.3, we
have that the sequence {uy }n=; converges strongly to a solution of (1.5). O

Example 3.2. Real sequences that satisfy the conditions (i) — (iii) of theorem 3.1 are the following:

A=m4+1)""and 0, =(n+1)"" n>1

0<b<g, anda+b<1.
p p

For example, take a := and b := then conditions (i) - (iit) are satisfied.

1 1
(p+1) 2p(p+1)
Remark 3.1. Theorem 3.1 is an extension of theorem 1.1 to I, spaces (2 < p < c0).

Open question 1. Does Theorem 3.1 hold in I, spaces for all p such that 1 <p < 2?

Remark 3.2. (see e.g., Alber [14], p.36) The analytical representations of duality mappings are
known in a number of Banach spaces. For instance, in the spaces [P, L?(G) and W2 (G), p € (1, 00),
p~ '+ ¢t =1, respectively,

Je = lallf Py €1y = (Jea]" e, |22 P22, ), @ = (21,22,00),

Jr = ||lz||7.7 |=(s)[" 22 (s) € LYG), s€q,
and
Jo=|lz|[37 > (DI D(Dx(s) P2 Dx(s)) € W, (G),m > 0,s € G
Ja|<m
4  Conclusion

Theorem 3.1 is a strong convergence theorem

which extends Theorem 1.1 to a space more general than Hilbert space.
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