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Abstract

Let X be a p—uniformly convex and g—uniformly smooth real Banach space with dual space X ™.
Let 71 : X — 2% and Tb : X — 2% be bounded maximal monotone mappings. An iterative
process is constructed and proved to converge strongly to a zero of sum of the two maps.
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1 Introduction

Let H be a real Hilbert space. A map T : H — 2 is called monotone if for each z,y € H, the
following inequality holds:
E—mz—y)>0 VEeTa,T€Ty. (1.1)

This monotonicity condition in Hilbert space has been extended to arbitrary normed linear spaces.
To introduce one of two known and studied extensions, we need the following definition. Let E be
a real normed space with dual space E*. A mapping J : £ — 27" is called the normalised duality
map if for each x € F,

Jr={z" € E": (z,2") = ||z[|llz"|], [lx]| = [|="][}
Amap T : E — 27 is called accretive if for each x,y € E, there exists j(z —y) € J(x — y) such that
&—1,jlx—y) >0, VE€c€Tz,7€Ty. (1.2)

It is well known that if E is a real Hilbert space, then J = I, the identity map on E. In this case,
the inequality (1.2) reduces to inequality (1.1). Hence, accretivity in normed spaces is one extension
of Hilbert space monotonicity condition to arbitrary real normed spaces.

The map T is called mazimal accretive if it is accretive and, in addition, the graph of 7' is not
properly contained in the graph of any other accretive operator. In other words, a map T is
maximal accretive if and only if T is accretive and R(I +¢T) = E for all t > 0. If E = H, a real
Hilbert space, maximal accretive mappings are called maximal monotone.

Also, a mapping T : £ — 2P is called monotone if for all z, y € D(T)
E—-Cr—y)>0 VEe€Tz, VCeTy. (1.3)

It is clear that if E = H a real Hilbert space, then E = E* = H and inequality (1.3) coincides
with the monotonicity definition in Hilbert spaces. So, this is another extension of Hilbert space
monotonicity.

A mapping T : X — 2% is said to be maximal monotone if it is monotone and for (z,u) € X x X*
the inequalities (v — v,z —y) > 0, for all (y,v) € G(T), imply (x,u) € G(T) where G(T) is the
graph of T.

A fundamental problem in the study of monotone operators in Hilbert spaces is that of finding an
element v € H such that 0 € T'u. This problem has been investigated by many researchers.

The prozimal point algorithm (PPA ) introduced by Martinet [1] and studied extensively by Rockafellar
[2] and numerous authors is concerned with an iterative method for approximating a solution of
0 € Tu where T is a maximal monotone operator. Specifically, given x,, € H, the proximal point
algorithm generates the next iterate x,41 by solving the following equation:

L

N )71(%) +en, (1.4)

Tn4+1 = (I +
where A,, > 0 is a regularizing parameter.
Rockafellar [2] proved that if the sequence {A,}n=; is bounded from above, then the resulting

sequence {z, }n—1 of proximal point iterates converges weakly to a solution of 0 € T'u, provided that
a solution ezists. He then posed the following question.
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Question i. Does the proximal point algorithm always converge strongly?

Giiler [3], (see also Bauschke et al. [4]) resolved this question in the negative. This raised the
following question naturally.

Question ii. Can the proximal point algorithm be modified to guarantee strong convergence?

Authors like Bruck [5],Solodov and Svaiter [6], Kamimura and Takahashi [7], Reich and Sabach

[8], Xu [9] and Lehdili and Moudafi [10] obtained modifications of the PPA that yield strong

convergence.

Remark 1.1. Observe that in using the proximal point algorithm, at each step of the iteration
-1

process, one has to compute (I + )\%LT) (z») and this may not generally be convenient in several

applications.

Consequently, while thinking of modifications of the proximal point algorithm that will guarantee
strong convergence, the following question may be, perhaps, more important than Question ii.

Question iii. Can an iteration process be developed which will not involve the
-1
computation of (I + iT) (zn) at each step of the iteration process and which will

still guarantee strong convergence to a solution of 0 € Tu?

In response to Question iii, Chidume and Djitte [11] gave an affirmative answer when the space
F involved is a 2-uniformly smooth real Banach space. In fact, they proved the following theorem.

Theorem 1.1. Let E be a 2—uniformly smooth real Banach space, and let T : E — E be a bounded
m—accretive map. For arbitrary x1 € E, define a sequence {xn}ne1 by,

Tntl = Tn — AT Ty — AnOp(zn — 1), n > 1,
where {An oy and {On}nz1 are sequences in (0, 1) satisfying the folliowing conditions:

(3) limp—oo0n =0, {0n}22; is decreasing;
(1) D071 Anbn =00,  Ap =0(0n);

On

2]
-1
(317) limp—eo S = 0, >, A2 < oo . There exists a constant o > 0 such that if
A < 00, for alln > 1. Then the sequence {zy}n=1 converges strongly to a solution of the equation
Tx =0.

Remark 1.2. We note here that L, spaces, p > 2 are 2-uniformly smooth but L, spaces, p € (1,2)
are not. So, this theorem of Chidume and Djitte does not guarantee strong convergence to a solution
of the equation Tu = 0 on L, spaces, for p € (1,2).

Remark 1.3. A solution of 0 € Tu where T is an accretive-type multi-valued mapping, in general,
corresponds to an equilibrium state of a dynamical system (see e.g., Zeidler, [12]).

We now consider the inclusion 0 € T where T': E — 28 is of the monotone-type and FE is a real
normed space. Assuming f : E — RU{oo} is a proper convex function, then, the subdifferential of
f,0f : E — 2% is defined as follows: for = € E,

Of(x) ={a" € E": f(y) = f(x) = (y — =,2"),V y € E}
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and it is easy to see that 0 € df(u) if and only if w is a minimizer of f. It is equally easy to see that
the subdifferential of f,df : E — 2F" satitsfies the following inequality:

(¢"—y",z—y) >0Va" € 0f(z),y" € 0f(y). (1.5)

In this case, the subdifferential is said to be monotone.

Remark 1.4. If T is the subdifferential of a convex functional defined on the Banach space E, then
a solution of 0 € T'u, corresponds to a minimizer of some convex functional defined on E.

Our objective in this paper is to prove a strong convergence theorem for sum of two multi-valued
mazimal monotone and bounded mappings in p—uniformly convex and g—uniformly smooth real
Banach space. This complements theorem 1.1 and is applicable in all L, spaces, 1 < p < co. Our
method of proof is different and of independent interest.

2 Preliminaries

Let E be a real normed linear space of dimension > 2. The modulus of smoothness of E |
PE : [0,00) — [0,00), is defined by:

T+ Y|+ |r—
pitr) = sup { S gy~ gy = >0}
A normed linear space E is called uniformly smooth if
lim 227 _
T—0 T

It is well known (see e.g., Chidume [13] p. 16, also Lindenstrauss and Tzafriri [14]) that pg is
nondecreasing. If there exist a constant ¢ > 0 and a real number ¢ > 1 such that pg(r) < 79,
then E is said to be g-uniformly smooth. Typical examples of such spaces are the L,, ¢, and W;"
spaces for 1 < p < oo where,

m s 2 — uniformly smooth if 2 <p < oc;
Ly (or lp) or Wy is { p — uniformly smooth if 1<p<2.
A Banach space F is said to be strictly conver if

x+y
2

The modulus of convezity of E is the function dg : (0,2] — [0, 1] defined by

loll =Nyl =1, w2y = |*52[ <1

si(e) =it {1~ | 22| < llzll = lyll = 15 € = o — yil}.

The space E is uniformly convez if and only if d(e) > 0 for every e € (0, 2].

It is also well known (see e.g., Chidume [13] p. 34, also Lindenstrauss and Tzafriri [14]) that dg
is nondecreasing. If there exist a constant ¢ > 0 and a real number p > 1 such that dg(e) > ce?,
then E is said to be p-uniformly convex. Typical examples of such spaces are the L,, £, and W;"
spaces for 1 < p < oo where,

p — uniformly convex if 2 <p < oo;

Ly (or bp) or W™ is { 2 — uniformly convex if 1<p<2.

The norm of F is said to be Fréchet differentiable if for each x € S := {u € E : |Ju| = 1},

ozt 2yl = ]

t—0 t ’
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exists and is attained uniformly for y € E.

In what follows, we shall need the following definitions and results. Let E be a smooth real Banach
space with dual E*. The Lyapounov functional ¢ : E x E — R, is defined by,

o(z,y) = ||zl|* — 2(z, Jy) + |y||>, for z,y € E, (2.1)

where J is the normalized duality mapping from F into E*. It was introduced by Alber and has
been studied by Alber [15], Alber and Guerre-Delabriere [16], Kamimura and Takahashi [7], Reich
[17] and a host of other authors. If E = H, a real Hilbert space, then equation (2.1) reduces to
oz, y) = ||z — y||* for ,y € H. It is obvious from the definition of the function ¢ that

(lzll = lly1)* < é(z,y) < (2l + llyl)* for z,y € E. (2.2)
Define amap V : X x X* — R by
V(z,z*) = ||z|* — 2z, z") + ||z*||>, forze X, z" € X" (2.3)
Then,
V(z,z*) = ¢z, J (z")) Vo € X, =" € X*. (2.4)
Lemma 2.1 (Alber, [18]). Let X be a reflexive strictly convex and smooth Banach space with X*
as its dual. Then,
Ve, z*) +2(J ' —a,y") < V(z, 2" +y¥) (2.5)
forallz € X and z*,y* € X*.

Lemma 2.2 (Alber, [18]). Let X be a reflexive strictly convex and smooth Banach space with X*
as its dual. Let W : X x X — R¥ be defined by W (z,y) = %gzﬁ(y7 x). Then,

W(x,y) — W(z,y) > (Jr — Jz,z —y), (2.6)

- 6y, ) — Bly,2) > 2(Jz — Jz,z —y), (2.7)
and also

W(z,y) < (Jz - Jy,z —y), (2.8)

forallx,y, z € X.

Lemma 2.3 (Alber, [18]). Let X be a uniformly convex Banach space. Then, for any R > 0 and
any x, y € X such that ||z|| < R, ||y|| < R, the following inequality holds:

(Ja = Jy,x —y) > (2L) 'éx(c3 ' [z —yl),

where co = 2maxz{l,R}, 1 < L < 1.7.

Lemma 2.4 (Alber, [18]). Let X be a uniformly smooth and strictly convex Banach space. Then
for any R > 0 and any z, y € X such that ||z|| < R, ||ly|| < R the following inequality holds:

(Jo = Jy,x —y) = (2L) " 0x-(c3 ' [Tz — Jyl)),
where ca = 2maz{l,R}, 1 < L < 1.7.

Lemma 2.5 (Alber, [18]). Let Ty and Ty be mazimal monotone operators from X to 2% and
D(Ty) NintD(T2) # 0. Then their sum Ty + T is also a mazimal monotone operator.
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Let E* be a real strictly convex dual Banach space with a Fréchet differentiable norm. Let T :
E — 27" be a maximal monotone map with no monotone extension. Let z € E* be fixed. Then,
for every A > 0 there exists a unique =) € E such that Jxx + ATzx 3 z (see [19], p. 342). Setting
Jaz = x, we have the resolvent Jy := (J+AT)"! : E* — E of T for every A > 0. The following is
a celebrated result of Reich.

Lemma 2.6 (Reich, [19]). Let E* be a strictly conver dual Banach space with a Fréchet differentiable
norm, and let T be a mazimal monotone map from E to E* such that T~'0 # 0. Let z € E* be
arbitrary but fized. For each A > 0 there exists a unique rx € E such that Jxx + AXTxx > z.
Furthermore, xx converges strongly to a unique p € T~ 0.

Lemma 2.7. From Lemma 2.6, setting Ap := i where 0, — 0 as n — oo,
-1
O0p <b0p_1 V n>1, z=Jv for somev € E, and y, := (J + Q%T) z, we obtain that:
TYn = On(Jv — Jyn), (2.9)

yn =y € T70,

where T : E — E* s maximal monotone.

Remark 2.1. We observe that equation (2.9) yields
S
On

(Tynfl - Tyn) =1 n (Jv - Jyn,l).

Jynfl_Jyn‘f' 6

Taking the duality pairing of the LHS of this equation with y,_1 — y», and using the monotonicity
of T' we obtain that,

977,71 - 971

<Jyn71 _Jynay’ﬂfl _y’"«> S 0

Jv—JynAH”ynﬂ = Ynl|- (2.10)

In a p-uniformly convex space, we have (see e.g., Chidume [13], p.34,) that, for some constant r > 0,
Op(e) > re’ for 0 <e<2. (2.11)
From lemma 2.3 and inequalities (2.10) and (2.11) we obtain that,

_ 1/p
lyn—1 — ynl| < (0"71979") Cy, for some Cy > 0. (2.12)

Similarly, from lemma 2.4 and inequalities (2.10) and (2.11) we obtain that

071,71 - en

1/p
7 ) Cs, for some C3 > 0. (2.13)

| Tynos — Tyl < (

Lemma 2.8 (Kamimura and Takahashi, [7]). Let X be a real smooth and uniformly convex Banach
space, and let {xn oy and {yn }neq be two sequences of X. If either {xy }oeq or {yn}ar1 is bounded
and ¢(zn,yn) — 0 as n — oo, then ||xn — yn|| = 0 as n — oo.

Lemma 2.9 (Xu, [20]). Let {an}slo be a sequence of non-negative real numbers satisfying the
following condition

ant1 < (1= 0n)an + onbn + cn, n >0, (2.14)

where {on} oo, {bn}neo and {cn}nzo satisfy the conditions:
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(@) {ontnlo C [0,1], > on = 0 or equivalently, [] (1 —o0n)=0;
n=1 n=1

(#¢) limsupb, < 0;

n— oo

(id) cn 20 (n 2 0),

118

Ccp < 00.

n=1

Then, lim a, = 0.
n— oo

Lemma 2.10. Let E be a smooth real Banach space with dual E* and the function
¢: E X E— R defined by,

¢(x,y) = ||=||* = 2(z, Jy) + |yl®, for =,y € E,
where J is the normalized duality mapping from E into 28", Then,

d(y, x) = ¢(x,y) + 2(z, Jy) — 2(y, Jz). (2.15)
3 Main Results

Theorem 3.1. Forp > 1, ¢ > 1, let E be a p-uniformly conver and g-uniformly smooth real
Banach space and let E* be its dual. Let Ty : E — 2F" and Ty : E — 25" be mazimal monotone
and bounded maps such that (T + T2)"*(0) # O For arbitrary u1 € E, define a sequence {uy,}
iteratively by:

Un+1 = Jﬁl(Jun - angn — QnTn — angn(c]un — JUl)), fn € Tlun, Tn € Toun 1 > 1,

1
where {A\p}ne1 and {0 }or1 are sequences in (0,1) such that limp— o0 0n = 0, A < 400, for all
n > 1 and for some o > 0. Then, the sequence {u,}or; is bounded.

Proof. Since (T1 + T2)7*(0) # 0, let u* € (T1 + T2)"'(0). Then, there exists © > 0 such that

g 2 ¢(U*>u1)‘

Define B :={z € E : ¢(z*,z) < r}. We show that ¢(u*,un) < r, Vn > 1; we do this by induction.
By construction, ¢(u*,u1) < r. Assume ¢(u*,u,) < r for some n > 1.

We show that ¢(u*,unt+1) < 7. Suppose, for contradiction, that this is not the case, i.e., suppose
that ¢(u™, uny1) > r. Since T and T» are bounded, define

M: = sup{|[{+7+0(Ju—Jul)||:ueB,0€(0,1),§ € Thu, 7 € Tou} + 1,
Ki: = sup{||lJ ' (Ju—af —ar —ab(Ju— Jui)) —u|| : u € B,o,0 € (0,1),& € Thu, 7 € Tou} + 1,
Ky : = sup{||Ju— Jui||: ||ul]| < ro} +1 for some ro >0,
« _  (2LAAMK\%
wo= ()
. r r
s = m‘“{l’ 10M~*(M + K3)’ 10MK1}’

where c2 and L are constants appearing in lemma 2.3.
From the recurrence relation,

T tnsr — Jun|| = Aall€n + T + On (Jtin — Jur)|| < AnM. (3.1)
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Observe that using lemma 2.3, equations (2.11) and (3.1), we have

1
[Junt1 — un]] <AL M™. (3.2)

Take y* = Anén + AnTn + AnOn(Jun — Ju1). Using lemma 2.1 and relation (2.4), we now compute
as follows:

r < o(u, Unt1)
V(U*7 ']un - )\ngn - >\n7—n - Anen(Jun — Jul))

< V", Jun) — 2{(unt1 — ", An&n + AnTn + AOn (Jun — Juq))

= V", Jun) — 22 (Unt1 — Un, En + Tn + On(Jun — Jur))
=22 (tn, — u*, & + T + On (Jup — Jur))

< ot un) + 2 [tnt1 — un|l€n + o + On(Jun — Jur)||

=2 {un — U™, & + o + On (Jun — Juq)).
Using inequality (3.2) and the fact that 71 and 7> are monotone, we obtain
A(u”, Uny1)
< p(u",un) + QAH(/\,%)M*M — 2200 (up, — u*, Ju, — Jus). (3.3)
But using the monotonicity of J, we have that
=220 (un, — u*, Jun — Juz)
= =2X0n(un — Unt1, Jun — Junt1) — 20000 (un — Unt1, Junt1 — Jur)
—2Xn 00 (Unt1 — u", Jun — Junt1) — 22000 (Unt1 — u*, Junt1 — Juq)
< 2000 ||unt1 — un || K2 4 22005 || Jun+1 — Jun|| K1
+22000 (Unt1 — u*, Jur — Jupt1).
Using inequalities (3.2), (3.1) and inequality (2.7) in lemma 2.2 we have that
=220 {un, — u*, Jun — Juz)

1
< Dl O M* Ko + Al u1) — Anbn (", tunsr) + 2220, MK .
So, from inequality (3.3), we have, using conditions on 6, and \,, that

T < d’(u*a un+1)

1

< ¢(U*, un) - An0n¢(u*7 un+1) + 2An()\7’i )M* (M + KQ) + A7L9n¢(U*7 ul) + QAianMKl

S r—= )\nenr + Aneng + Aneng + Aneng <.
This is a contradiction. Hence, ¢(u”,u,) < r for all n > 1 and so the sequence {un}nr; is
bounded. O

Theorem 3.2. Forp > 1, ¢ > 1, let E be a p-uniformly conver and g-uniformly smooth real
Banach space and let E* be its dual. Let Ty : E — 28" and Ty : E — 2% be mazximal monotone

and bounded maps such that (T1 + T2)"*(0) # @ and D(Ty) N intD(Te) # 0. For arbitrary u, € E,
define a sequence {un} iteratively by:

Upt1 = J_l(Jun — anén — anTn — anbn(Jun — Jui)), &n € Tiupn, Tn € Tou, n > 1.

where {An}oly and {On}nly are sequences in (0,1) such that Y oo | A = 00, limp oo )én =0
(,)*
and lim,_ j:'ign = 0. Then, the sequence {un}ary converges strongly to a solution of

0 S (Tl +T2)u.
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Proof. Using the same method of computation as in theorem 3.1, relation (2.15) and the fact that
Ty and T3 are monotone we have, for some constant M; > 0,

¢(ynaun+1)

V(Yn, Jun — An&n — AT — AnOn (Jun — Jur))

V(Yn, Jtn) — 2(tns1 — Yn, Anén + AnTn + Anbn (Jun — Jur))

= ¢(un,Yn) + 2(tn, JYn) = 2(yn, Jun) = 2(un+1 = Yn, Anén + AaTn + A (Jun — Jus))
= V(un, Jyn) + 2(un, Jyn) — 2(yn, Jtn) = 2{tn+1 — Yn, Ann + AnTn + Anbn(Jun — Ju1))
V(un, JYn—1) = 2(yn = Uns JYn—1 = JYn) + 2(un, Jyn) — 2(yn, Jun)

—2(Unt1 — Yns Anén + AnTn + AnOn(Jun — Ju1))

O(Yn—1,un) + 2(Yn—1, Jun) — 2(tn, JYn—1) — 2(Yn — Un, JYn—1 — Jyn)

F2(Un, JYn) — 2(Yn, Jun) — 2{Un+1 — Yn, Anén + AnTn + Anbn(Jun — Ju1))

= ¢Wn-1,un) +2(yn—1 = Yn, Jun) + 2(Yn, Jyn — Jyn-1)

— 22 (Ung1 — Un, En + Tn + O (Jn — Ju1)) — 20 (Un — Y, En + Tn + O (Jty, — Jur))
(Yn—1,un) + [yn — yn—1||M1 + [[Jyn — Jyn—1|[M1 + An|unt1 — un||M1

=2 (Un = Yn,s (§n + Tn) = (Co + fn)) = 2X0(Un — Yns Cn + pn) — 22000 (Un — Yn, Jun — Ju1)

IA

IN

IN

for y, as in lemma 2.7, {,, € T1yn and p, € Toyny.

But for some constant K* > 0, using equation (2.8), the fact that u, and y, are bounded,

=200 (Un — Yn, Jun — Ju1)
- _2)\n9n<un — Yn—1, Jun - Jyn71> - 2)\n9n<yn71 — Yn, Jun - Jyn71>
—2Xn0n (Un — Yn, JYn—1 — Ju1)

< *)\nenqﬁ(ynflaun)Jr)‘nenHyn *yn*IHK*
=200 (un — Yn, JYn—1 — JYn) — 2An0n (Un — Yn, Jyn — Ju1)
< —)\nenqﬁ(yn_l,un) + )\nQnHyn - yn—1||K* + )\nenHJyn—l - Jy"HK*

=200 (Un, — Yny JYn — Ju1).
Also, from lemma 2.5, T7 + T% is maximal monotone and applying lemma 2.7, we have that

_2>\n<un_yny<n+Mn>_2)\n0n<un_yn7Jyn_Ju1> = _2)\n<un_yn7 (gn‘i‘/ln)“!‘an(Jyn_JUl)) =0.

Hence,
¢(yn7u”+1)
S (b(ynfl,un) - )\non(b(ynflaun) + )\nHurH»l - unHMl + ||yn - ynleMl
HTYn = Jyn—1||My + Anbn || Jyn — Tyn-1|| K™ + Anbn|lyn — yn1||[ K" (34)

Using inequalities (2.12), (2.13) and (3.2), together with conditions on 8, and X, we have that,

¢(yn7un+1)
< % * en—l_an %
= ¢(yn717un)_)\nen(b(yn—l,un)'i‘)\n()\n )M M1+ (07) ClMl
On1—0n\7 On1—0n\7 N Opn1—On\ 7+ "
(T My Al ()T CoK o A () T i

z on—l - 971 %
< ¢(yn717un) - )\nen(b(ynfl:un) + A?’L(ATIL) )KO + (07) K07
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where Ko := maz{M*M,C1 M1 + CoM1 + C1 K* + CoK*}.

Setting
an = O(Yn—1,Un), On := Anbpn, cn =0,

and

we obtain that
An+1 S (1 - Un)an + Unbn + Cn, N Z 0.

It now follows from lemma 2.9 that an, — 0 as n — oo,i.e.,¢(Yyn—1,un) — 0 as n — oo.
Consequently, by lemma 2.8, we have that lim||u, — yn—1|| = 0. Since y, — y* € (T1 + T2)"*(0),
we have that u, converges strongly to y*. This completes the proof. O

Example 3.3. Prototypes for our theorems are the following:
A=m+1)""and 0, =(n+1)"" n>1,

where 1
0<b< %, a+b< o r = maz{p, q}.

For example, without loss of generality, set r = p, and take

a:= LI b'*min{1 71 }
S (et 2 2p(p+1) 17

Remark 3.1. (see e.g., Alber [18]) The analytical representations of duality mappings are known
in a number of Banach spaces. For instance, in the spaces P, L?(G) and WL (G), p € (1,00),
p~1+¢ ! =1, respectively,

Jr=||z||5 Py €1, y={|lz1[" 1, 22?222, .}, @ = {z1, 20, ...},

Jz = ||z]|75"|2(s)[""*x(s) € LU(G), se€G,
and
Jo=|lz|[37 > (DI DD (s)P 2D x(s)) € W, (G),m > 0,s € G

la]<m

4 Conclusion

Theorem 3.2 complements Theorem 1.1 to provide iterative process for the approximation of zeros
of bounded maximal monotone operators. The result is applicable in all L, spaces, 1 < p < co.
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