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Abstract

Aimg/ Objectives: To use queuing model to deter mine the optimum waitimg) service cost in a
hospital ICU emergency service.

Study Design: Modeling and Simulation.

Place and Duration of Study: ICU Emergency Service Department, Moi Teaching andrRefidospital
(MTRH), Uasin Gishu - County, between June 2016 and Julg.20

M ethodology: Use of M/M/s queuing model to analyze ICU services usigpndary data of MTRH
emergency patients arrival and service rates togethér estimated service cost of available 6 beds.
Waiting cost estimated using formulated Modified Normald_fasction.

Results: With an average individual tolerance wof 0.083 hrs and average response timexo&
0.083hrs, the present scenario of 6 ICU beds in MTRH is ojmgrait a service cost of Ksh 60 and
patient queuing cost of Ksh 415.53 per hour. The length ofjtigeie is 1.4 hr or approximately 34
patients per day. The optimum number of beds required foadiléy to operate with zero response time
and zero quality tolerance is 18 beds. This will facilithi reduction of queuing cost to 153.98 and total
cost to 333.98.
Conclusion: The current status of ICU emergency services at MTRtéssly to both the health facility
and the patients. Individuals seeking such services may eiphéo get similar services elsewhere at/an
opportunity cost of Ksh 641.39 per hour of delay. With 1.4 pati@ating in the queue every hour, this
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accumulates to 34 patients per day. Increasing ICU teed8 minimizes the ngth of the queue to
patients per day and queuing cost by 76% and reduces thecastaby 65%. This will reduce the
financial burden of the patients and increase the chafcesving lives during emergency cases. These
predictors, however, need further work and inclusion of relsgedces to give a bigger and better picture
of the facility.

Keywords: Queuing cost; service cost; normal loss functiodjvidual tolerance; specification limit;
optimum total cost.

2010 mathematics subject classification: 60K25, 90B22, 68M20, 91B06.

1 Introduction

A queue is a line formed by objects or people waiting to beedeln everyday life, queuing is inevitable.
We find people queuing in the bank, hotel, bus stop, car,veaglermarkets, school, telephone boots,
polling stations, traffic, airports, cafeterias, loading efftbading, hospitals just to mention but a few. Since
gueues are inevitable, the most important thing is to sirik@lance between the length of the queue and the
number of servers. An experiment on the fluctuating demartéléphone traffic was done by a Danish
engineer named Erlang and a report addressing the delaygoimatic dialing equipment was published,
detailing equilibrium between the number of servers andetingtth of waiting time [1]. At the end of World
War I, Erlang’s early work was extended to more genem@blpms and to business applications of waiting
lines. This gave rise to the study of waiting lines, chligieuing theory which is still used to date in
customer service delivery [2].

In queuing theory, the three basic components of a queuicggz@re arrivals patterns, the actual waiting
line and service facilities [2]. Customers arrive te ffacility from an infinite calling population, with a
random arrival pattern following Poisson process. Onctomess arrive, they are served immediately if the
server(s) is empty, or otherwise the customers waihénqueue for the next empty server. Mostly, the
service is on a first come first serve (FCFS) bakiwagh other methods like Service at Random Order
(SARO) can be used. Preference service depending on #leofensk, urgency or the social, economic or
political standing of the customer, and Hold on Line (Higcipline, where important arriving customer
takes the lead of the queue is rampant in many fasili@estomers who may feel to have waited for long in
the queue can renege or balk and seek alternative equigaleices elsewhere, however, the queue length
and waiting time depends on the traffic intensity, whicthésratio of arrival and service rates. The service
discipline follows an exponential pattern, with individealvice time variation due to different nature of the
problems to be handled.

1.1 Queuing theory and health facility

A health facility provides a very essential service #eduse of queues is crucial. The type of customers in a
hospital is sick people whose lives are threatened and dherekeds urgent attention. Some of the
customers queuing for services have life threatening condittbith require urgent attention and any delay
in the queue means losing valuable time of saving lifenkive Care Units (ICUs) are a critical component
within hospitals, where patients are admitted when thif functioning is compromised and their lives are
in danger. With the introduction of motor bikes as a cheap larible means of transport, the number of
fatal accidents increased and due to the availabiligndfulance services, many accident patients can reach
the hospital within a short time, thus increasing the alrmiate of customers who need urgent attention.
Because some patients will remain in the ICU for a long tand,due to the nature and the cost of the life
supporting machines necessary in the ICU, many hospitalstdieeping a few but highly utilized units to
address emergency needs. On the other hand, the demahd &mrvice is high thus an equilibrium point
needs to be determined for an optimum service delivesgarical to the health facility and satisfactory to
the customers.
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Emergency case patients may be admitted to an ICUnfensive care immediately they arrive, or for
postoperative care after an offensive operation. Emergen@ntsgmtivho need direct admission to the ICU
may be rejected due to lack of space. This may lead sodokfers and poor image of the facility, not to

mention loss of income which would be earned from the pafi@ntpatients who need to be admitted to an
ICU for postoperative care, lack of space in the ICU bexhnme the operation is either postponed or
canceled. This cancelation may pose a severe health rigkvera major emotional impact on the patient.
For the hospital, cancelation of operation may lead to uredilaperating room, which is equally costly to

equip and thus a loss of resource capacity.

In most cases, patients are prepared for an operationelooggh through procedures like testing blood
pressure, blood levels and starving for over 6 hours. This meassaonoperation has been canceled, it is
not possible to start another operation immediately. Tadadility of ICU beds is thus a highly important
factor which reflects the service quality of the hospifalwide variety of queuing models can be used in
operations management, to help solve problems involving queggh)esatisfaction of customers, idle
servers and optimum service and waiting costs involvethis paper, a multi-channel within finite calling
population and first come first served discipline is adopted.

This model assumes that arrivals follow a Poisson Piliyalistribution and that service times is

exponentially distributed and it is usually denoted by MIMJEFCFS [3]. The cost of service versus the
waiting costs is analyzed and equilibrium determined. djygortunity cost of customers waiting in the
queue is highly individualized, but in this paper, it is assuthatlithe tolerance for the quality of service is
normally distributed, and therefore the waiting costs followormal distribution. This paper will therefore
focus on this ICU service, the cost in line waiting #m& cost of service to optimize service delivery in Moi
Teaching and Referral Hospital (MTRH).

The study sufficiently provides information to medical marador decision making on the use of available
limited resources to improve service offered to patients. dgtenum ICU bed capacity is determined to
ease congestion and at the same time minimize semite c

2 Literature Review

Queues or waiting lines or queuing theory, was first aalyby A.K. Erlang a Danish Engineer in the
context of telephone facilities [1]. The body of knowledbat developed from it after came to be known as
"Queuing Theory”. It is widely practiced or utilized indimstrial setting and management. Balancing the cost
of providing services with the costs of customer waitisghe decision problem involved here. Use of
gueuing theory in health care is now utilized worldwidesdech has shown that queuing theory can be
useful in real-world health care situations. McClaiprgliews research on models for evaluating the impact
of bed assignment policies on utilization, waiting timed the probability of turning away patients. The use
of queuing theory in pharmacy applications with particulangitbn to improving customer satisfaction is
reviewed in [5] and the history on the use of queuing theohe#ith care facilities is presented in brief by
[6]. However, it provides no description of the applicatiemsresults. Green [7] presents the theory of
gueuing as applied in health care. She discusses the relgiiansbngst delays, utilization and the number
of servers, the basic M/M/s model, its assumptions eatensions; and the applications of the theory to
determine the required number of servers. The rdseaagrees with them that queuing theory is of valuable
use in evaluating health care facilities and will uge golve the problem at hand.

The use of queuing theory as an analytical tool to préudiat particular health care configurations affect
delay in patient service and health care resource uillizavith the associated costs. Fomundam and
Herrmann [8] summarized a range of queuing theory resulthe following areas: waiting time and
utilization analysis, system design, and appointment mgsteTheir goal was to provide sufficient
information to analysts who were interested in using queuing theanpdel a health care process and who
wanted to locate the details of relevant models. An napb example of such a system is an emergency
department. Broyles and Cochran [9] calculated the percerghgmtients who leave an emergency
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department without getting help using arrival rate, serséte, utilization, capacity. From this percentage,
they determine the resulting revenue loss. Therefore Waliimg and Utilization analysis in a queuing
system aims at minimizing the time that customers baveait and maximizing the utilization of the servers
or resources (doctors, ICU beds, machines etc.) iardmdreduce overall costs. The extension to include
stochastic models was done by [10].

The arrival of patients into the health care facilityl Wwe random and will follow the Poisson distribution.
According to Karlin, and McGregor [11], the Poisson distittou was named after the famous French
Mathematician, Simeon Denis Poisson (1781-1840) whodfitstied it in 1837. He applied it to results such
as the probability of death in the Prussian army resulting flenkick of a horse and suicides among
women and children. The Poisson process is considerethdbe”"random” arrival process because of its
assumption that the number of arrivals in any given timeogenvhich has a Poisson distribution, is
independent of the number in any other non-overlapping tien®g Rosenquist [12] studied how an
increase in patient arrival rate affected waitingesnrand queue length for an emergency radiology service.
Many health care systems have a variable arrivakhategh some models assume a constant arrival rate, but
the Poisson process has been verified to be a good repteseafaunscheduled arrivals to various parts of
the hospital including ICUs and obstetrics units. Similanltesn the banking sector were echoed by [13].

Siddhartan, Jones, and Johnson [3] proposed a priority disciptinifrent categories of patients and then
a first-in-first-out (FIFO) discipline for each categoThey found that the priority discipline reduces the
average waiting time for all patients. However, whie wait time for higher priority patients reduced,
lower priority patients endured a longer average waitiinge. An emergency anesthetic department
operating with priority queuing discipline was modeled[b4] with an interest in the probability that a
patient would have to wait more than a certain amountma# to be served. Haussmann, [15] investigated
the relationship between the composition of prioritized queunesthe number of nurses responding to
inpatient demands. The authors found that a slight inciedake number of patients assigned to a nurse with
a patient mix with more high-priority demands resultedery large waiting times for low priority patients.

McQuarrie [16] showed that it is possible, when utilizatisrhigh, to minimize waiting times by giving
priority to clients who require shorter service timé&kis rule is a form of the shortest processing time rule
that is known to minimize waiting times. It is rarely foundoractice due to the perceived unfairness unless
that class of customers is given a dedicated server,aasank with a dedicated teller to customers with bulk
money. Worthington [17], analyzed patient transfer fronpatient physicians to inpatient physicians. The
patient was assigned one of three priority levels. Basetie priority level, there was a standard time period
before which a referred patient should be scheduled tdhge@patient physician. The model assumed
sufficient in-patient capacity to treat the highesbpty category within.

Due to the availability of many parallel servers, theVi& queuing model is deduced from the Karlin and
McGregor [11] representation for the transition probab#itiThis representation allows for the study of
arrival of patients, the queue length, the waiting in liast@nd service cost. These will then enable us to
determine the equilibrium to optimize service and reducgtscadKembe [18], analyzed the queuing
characteristics at the Riverside Specialist Clinichef Federal Medical Centre, Makurdi using a Multi-server
queuing Model and determined the Waiting and service Cotsawiiew to determining the optimal service
level. The results of the analysis showed that averageegeagth, waiting time of patients as well as over
utilization of doctors could be reduced when the service capaeiy of doctors at the Clinic is increased
from ten to twelve at a minimum total costs which inclu@étivwg and service costs.

According to Keller and Laughhunn [19], the capacity of thethezdre facility can be good but there is
need to redistribute in time to accommodate patigitedmpatterns. Other optimization designs proposed an
incremental analysis approach in which the cost of an additlwed is compared with the benefits it
generates [20]. Beds are added until the increased cost dupisksnefits. Whilst much literature is devoted
to the analysis of service systems with constant naegwal and service rates [21] stated that most actual
systems today are subject to time-varying demand, whenalarates and the number of servers vary



Rotich; BJMCS, 19(1): 1-18, 2016; Article no.BJMEZE69

throughout the period of operation. In subsequent years acatele research interest in health care
modeling through queuing theory has developed and there xistnaamultitude of studies.

A considerable body of research has shown that queuingyticea be useful in real-world health care
situations, and some reviews of this work have appearedldifc{?l], reviewed research on models for
evaluating the impact of bed assignment policies on uibzawaiting time, and the probability of turning
away patients. Gorunescu, McClean and Millard [22] devel@epieuing model for the movement of
patients through a hospital department. Performance measwes as mean bed occupancy and the
probability of rejecting an arriving patient due to haalpitvercrowding, are computed. These quantities
enable hospital managers to determine the number of beds rieedtef®r to keep the fraction of delays
under a threshold, and also to optimize the averaggeoslay by balancing the costs of empty beds against
those of delayed patients. This ensures that patiemtseaved promptly and their survival rate is increased.
A medical-surgical Intensive Care Unit where critigdll patients cannot be put in a queue and had to be
turned away when the facility was fully occupied [23]. Tikia special case, where the queue length cannot
be greater than zero, which is called a pure loss m@adtekn [7] applied queuing models to determine the
number of nurses needed in a medical ward. They are radyirqmeuing models such as Erlang-C and loss
systems, to recommend bed allocation strategies for hbsggtals. Whitt [24] surveyed and developed
time-varying queuing networks that help in determining the brmof physicians and nurses required in an
emergency department. The main interest of these réseanvas to increase patient survival in emergency
departments. In recent years, however, queuing models le@vedeveloped and used in studying multi-
facility interactions and their results have positivelyeeféd the management of service facilities towards
optimizing customer survival.

3 Materialsand M ethods

This chapter gives an over view of the methodology thatemgsloyed in this study and the model that was
used to calculate the parameters necessary to solveotiierp at hand. Data for three months was collected
form Moi Teaching and Referral Hospital (MTRH) and sji€heet software used to analyze the data. In this
study, the M/M/s model was used to analyze the utlitg cost optimization in the ICU health facility of
MTRH. The following are the model characteristics assLaptions.

3.1 Model characteristics and assumptions

MTRH is a level five hospital serving more than 10 counfidse neighbouring health facility of the same
standards is Nairobi, which implies that the callingylapon is infinite. Despite the presence of competing
hospitals in its proximity, the provision of emergency servislich require ICU facilities is solely in
MTRH except for isolated cases. The following assumptiware made for the queuing system at MTRH
which is in accordance with the queuing theory. They are;

(i) Arrivals follow a Poisson probability distribution at an ageraate oft customers (patients) per
unit of time.

(i)  The queue discipline is First-Come, First-Served (FCFS)sblay any of the servers. There is
minimal priority classification for some extremelytaal arrivals but not significantly affecting the
services.

(iii)y  Service times are distributed exponentially, with an aveodgepatients per unit of time.

(iv)  There is no limit to the number of the queue (infinite).

(v) The service providers are working at their full capacity.

(vi)  The average arrival rate should be less than averageeseate. This is necessary to ensure that the
queue would not eventually grow infinitely.

(vii)  Servers here represent doctors, beds, theater, ICU equipme other medical personnel necessary
to provide full services to the ICU patients.

(viiiy  Service rate is independent of line length; service prosider not go faster because the line is
longer.
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A model satisfying the above assumptions has the capgadggpture all the parameters that involve a multi-
channel server system, where clients are served in dgpaeaiver system. The waiting customers in a queue
can be fully served if they are attended by any one of vh#ahle channels. This model could apply to
many qualitative analysis of different situations. Somethaf physical examples that apply include, a
telephone booth or an operator help desk, where the time on hdieé phdane would represent the time in
gueue; and the queue length would be the number oftbatishe system will accept and put on hold before
giving a busy signal on the caller’s phone or playing a dembmessage asking the caller to hang up and try
again later. Also in an hospital setting, the ICU adiois desk, the time waiting for a bed after a request
represent the time in queue and the queue length would reuthieer of request waiting for service. This
can also apply to a retail store, where customers wdietserved over a counter with many cashiers. With
these conditions, the most appropriate model adopted for ik & the Multi-server Queuing model
(M/M/s): (o/FCFS) is chosen to model the dynamics of an emergencyahadrvice with respect to utility

of ICU resources.

3.2 Model flow chart

Following the characteristics of the hospital emergerayice, and the assumptions of the model, the
following flow chart represents the components of a hospital ggesyistem. The system is illustrated to

include servers, one queue and a general ward facilityefmuperating patients. In this study, the patients
admitted directly to the general ward are not considered o the queue, and those transferred from ICU
to general ward are assumed to have left the systemwelen still admitted in the ward. Also, a patient

admitted in the general ward who may require ICU sesvis assumed that the patient will join the queue
for the services.

3.3 Modd description (M/M/s): (o/FCFS)

In (M/M/s) queuing model, it is assumed that the arrivaisatients follow a Poisson probability distribution
at an average arrival rate oper unit of time. It is also assumed that arriving aungrs are served on a
first-come, first-served (FCFS) basis by any of theptymservers with service times distributed
exponentially with an average rate ;oper server per customer. Wigmumber of servers, the average

. . .1
length of service time IS

If there are n patients in the queuing system at any foititne, then the following two cases may arise;
Case I: Thah < s, hence there will be no queue gsd— n) number of servers will be idle. Case II: If
s = n then all servers will be busy and the maximum numbeusfomers in the queue will Ife — s).

Let p, be the probability that there are no customers in theemsygt, be the probability of having
customers in the systeth, expected number of customers in the quéyexpected number of customers in
the systemi,, expected time a customer (patient) spends in the quguexpected time a customer spend
in the system, then; idt is the probability that an arrival enters the systertwéen timet and time

t + dtinterval, thenl — Adt is probability that no arrival enters the system withierval ordt time units.
Also let udt be the probability of one service completion betweemdt + dt time interval. Using
Prti(); 1 =0,1,2,.. as the transient state probability of exaatly- i customers in the system at titme
and assuming the system started its operation at timetherg,,,;(t + dt); i = 0,1, 2,...is the transient
state probability of exactly + i customers in the system at timer dt. As a property of the Multi-
channel model, it is necessary to find an expressioméopttobability of n customers in the system at time
This can happen in three ways; namely, whes 0, 1< n< s — 1 andn = s — 1. By discrete
method and starting from when= 0, the number of clients in the next unit of time is eqtmithe
accumulation rate multiplied by the initial population, defirmes;

p)
p1= P Po oY)
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Whenn lies between 1 angl — 1, all customers arriving will be immediately servaadn channels out of
s will be busy. The value op,(t + dt) can occur in three exclusive and exhaustive ways and by
considering the steady state of the system, these aiaesbta be;

Wn1— A+nWp,+(n + DUppyy =0, 1< n<s-1 (2

Puttingn = 1 in equation (2), and using Equation (3.1), we get
2

_ 1/4
D2 —5<E> Po

and the recurrence relation for any valud af n < s — 1 is given in general by,

pn==(2)"po ®)

n!

In casen > s, we begin with whem = s — 1, substituting it in equation (2), we get

ps =22+ (s = Dulpss — (2) s ()

. 1 a1 1 [A\572 . 1 s
Now from Equation (3)ps_; = m(;) po andp,_, = m(;) po Or in generalp, = ;(—) Po-

Similarly, whenn = s + 1, substituting in Equation (2) and simplifying, we obtain
1 1 s+1 1 v s+2
DPs+1 = G(;) Po»  Ds+2 = m(;) Do, -

which in general, fon > s,

P == (2) xpo (5)

Thus equation (1), (4) and (5) give the valug,pforn =0,1 < n< s — 1andn = s. We now need to

find the value ofp, in terms ofs, u andA. Then the values op,, and p, can be used to develop the other
equations. To find the value ¢f;, we use the relation;

or

s—-1 1 /1 n 0 1 n
Zm(;) pot D smsily) Xmo= 1
n=0 n=s



Rotich; BJMCS, 19(1): 1-18, 2016; Article no.BJMEZE69

which with little algebra simplifies to

po=[Em 5 () +5() < (5)] ©®)

Now the other properties of the multi-channel system la found using the equations(ifl) — (6)) as
follows;

The expected (average) number of customers in the syseated by, will be,

s = (s—1)!(s—2)2 Po + ; (7)

while the expected (average) number of customersngaiti the queug, is,

S
Le= ((s—l)!(su—mz Po=y (8)

Using Equations (7) and (8), we determine the satisfactigratiénts, using the parameter accounting for
the average time a customer spends in the system defined as,

2 S
_ Ly _ P—(ﬁ) 1
We=73= ((s—l)!(su—/w) Poty ©)

Before a patient is served, the patient is expecteaibinvthe queue for a duration defined as,

2 S
_ Lg _ ”(ﬁ) _1
M/‘?‘T‘(m P~y (10)
with the probability of having to wait given by the proporti@fined in form of a probability as
2 N
“(3)
p(n2s)= (W) Po (11)

Under normal circumstances, no patient arrives to ahéadility and finds no queue. This happens when
the service rate p is faster than the arrival kafehe interpretation of this in the physical situatiothit the

ICU is idle, thus will have a cost impact to the fagiliThe chances of a customer or a patient to enter the
service without waiting is given by — p(n = s). The analysis of parameters used to check the minimum
number of servers necessary to meet the requiremetite gfatients without idle servers is obtained from
the average number of idle servers givers by(average number of customers served). The utilization rate

of the servers is defined bhy= % and thus the efficiency of M/M/s model is obtained from titsfic
intensity,

Average number of customers served

total number of customers
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Casesfrom the Ward

Reneging to Altemative Serven —_—
equivalent service
Servery — | General ward
for
New_, 4 " q \ Server Recuperating
cases N patients

Server...

Death

Servers —_—

{II!IIT

Death
Death

Fig. 1. Flow chart showing the major components of queuing system
Source: Author

4 Introducing Costs into the M odel

In order to evaluate and determine the optimum number ofrserequired in the system, two opposing
costs must be considered in making decisions: (i) Secdsts (ii) Waiting costs. The first involves the cost
incurred in the provision of desired service, here calledcecost denoted b§sC = C;). Service cost is
directly incurred while providing services and it includesasas paid to employees, cost of facilities,
equipment and tools used, cost of service space, rentliesyd€U facilities, beds, electronics, doctor’'s
fees, support staff allowances, oxygen, theater costgusention but a few. Waiting cost on the other hand
entails the opportunity cost incurred by the customer due tingidor service. It includes cost of losing life
due to waiting, cost of getting equivalent service elsewltgrality or value of time wasted and other costs
associated with accepting incomplete and unsatisfactorycesrvrhis cost is referred to as service waiting
cost and denoted B/ C = W.

It is the wish of every customer to be given individuémtion using the best equipment by qualified and
experienced servant promptly. This is what they define agtyjsdrvice. On the other hand, service

provider on the other hand wishes to use minimum operation coptewvigle services so as to maximize

profit. This means customers will have to stand in long quewsting to be served. Analysis of these costs
helps in finding equilibrium point between the increasestof providing better service and decreased
waiting costs of customers.

In a hospital facility, the most crucial time is thaiting time in the queue before service starts denoted by
W, . Most patients belief that they are safe as soon gsséee a doctor, even before treatment commence,
but possibly first aid and pre-treatment tests conduetkich include but not limited to checking blood
reassure, body temperature, resuscitation, oxygen supplydregion, stopping bleeding or any other
measure which reduces the risk that the patient is facingnakiohg them out of danger. Therefore, time in
the queue would be the preferred characteristic to measialéy specification and thus used to estimate

waiting and service cost. The waiting in line time @®l/M/s) model is defined in Equation (10) 4% = LT‘?
and using this relation, the expected cost of queuingeisystem per person per unit time is the product,

Cq = AW, C,, = LyCy, (12)
Denote the expected service cost incurred by the healthyfégi C,. Then the total service cost is given by

E(SC) = sC, (13)
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wheres is the number of servers. Using Equation (12) and (b®)tdatal cost is obtained by adding the
service cost and the waiting cost to yield,

TC = sC; + C, (14)
4.1 Loss function for waiting lines

The measure of quality, as related to both the prothattlze service, is often dif cult to precisely quantif
because of different perspectives of individuals, but gualivolves short waiting time, cleanliness,
satisfactory service, affordable and friendly. A lowekeof service may be inexpensive, in the short run but
the service provider may incur high cost of customer di$aetisn such as lose of future business, lose of a
potential sale, development of poor reputation, lossoodwill and increased competition by firms in the
same industry. Deviation from the expected quality ofise leads to a situation where the client incurs
opportunity cost. The level of cost incurred can be deteryea loss function which links the cost and the
level of deviation from the expected standards. Thewidtlg two loss functions have been used previously
in deter mining the opportunity cost a customer incurs when tigupr or service fails to meet the target
specification value. These are the traditional loss functiortr@ndiaguchi loss functions discussed below.

4.1.1 Traditional loss functions

As expected, customers incur costs when the services puoaidenot meeting the expected limits, that is,
the services are either too low to meet the requiredaafons, or too high that the consumer is not able to
meet the cost. The traditional quality loss function wagj@are function illustrated in Fig. 2. In this
function, the customers are equally satisfied, and tberefo not incur any loss, as long as the quality of
services meets the specifications betweghandUSL. This is not realistic, and thus, an improved Taguchi
loss function shown in Fig. 3 was formulated using a quadfanction [25]. Principles of formulating
Taguchi loss function assumes that, there is no costrattbiy the service providing organization or by the
customer unless the product or service goes beyond its dppewer Specification Limits, (USL or LSL).

Cost
k

Target Walue

80 LsL usL

Fig. 2. Traditional loss function showing USL and L SL
Source: Author

4.1.2 Taguchi lossfunctions

The Taguchi Loss Function takes a different perspectiveviten the cost of poor quality are incurred.
Taguchi theorized that rather than incur costs beginnirtg/@ffinite points that arg- a specific level of
tolerance from the target value (or specification nominalejacosts are actually incurred as soon as the
value moves from its target value [25]. In addition, ratfh@n continue at a constant rate, these costs are

10
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incurred at the square of the deviation from the target vahdetherefore continue to increase the farther the
specification deviates from the targeted value. The only poitite model at which no loss is incurred is at
the actual targeted valug.

Cost
-~

Target Walue
sx g

.
heasure of
specification

Fig. 3. Taguchi function showing calculation of loss function
Source: Author

In contrast with traditional models, the Taguchi Loss Functiescribes the failure to meet desired
specification cost incurred as;

0, ifLSL= m>=USL

¢= {K(m—T)z, otherwise (15)

whereT is the target specification, m is the unit measureyuddlity specification and the constdnts
determined from the cost of rejecting the item at a spadiéin limit from the relation,

K = R
T (USL — T)?’

whereR is the cost or rejecting the item at specification tlin@learly, the Taguchi loss function is a

guadratic function which hits the zero cost line if the speatibn limit is equal to the target vallie= T. It

also has a uniform gradient for all customers and infinitst on extreme deviation from the target value.

This model does not put into account individual tolerance diftaze on levels of satisfaction of the item or

service specification.

4.1.3 M odified nor mal lossfunction

In this study, it is assumed that individual prefeeis normally distributed with a meanioénd a standard
deviation ofg. A normal distribution table is used to determine the propoxfotihe cost incurred if the
measure of product or service quality deviates from theimarspecification value. In this case, the loss
function f (x) has a graph similar to an inverted normal curve, but wigap ot in between as shown in
Fig. 4.

The cost functiorf (x) is equivalent to a one sided normal distribution functidmctv assigns a numerical
value proportional to the amount at which the quality of sergicproduct deviates from the individual
specification target. The individual target quality will ®@eange of values in the interval= —t < T < 7.
If the actual quality of the product or service= m is outside the intervdl, the customers will start
incurring costs due to dissatisfaction. The area underuhe £(x), the x-axis and the lines= USL and
x = m measures the proportion of opportunity cost an individualimglir due to unsatisfactory standards.

11
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Costin Ksh \Tolerance |

| — Proportior_1 of
Opportunity cost

-

m MWeasure of
Actual Specification

Quality

Fig. 4. Normal function showing calculation of loss function
Source: Author

The cost function is defined by,

2

fG) == e:("5 ) (16)

wherex is the mean quality specification value, which is equivaienihe standards provided by the service
provider and\sigma models the quality specification deviation, whilmodels the individual tolerance
levels andx is the measure of the actual quality specification.

4.1.4 Tolerance and opportunity cost

The opportunity cost incurred due to delay of service or goality of products is inversely proportional to
the individual level of tolerance. The lesser the tolezative higher the opportunity cost. Quality tolerance
is hereby defined as the measure of the deviation from gumiinal specification without incurring any
opportunity cost. This should be a natural stretch withoutiafiyence or duress. This characteristic is
measured by the parameter which accounts for individual differences on preferenoesexpected
standards. The difference in individual preferencesasies or tolerance is mainly due to individual lifestyle,
social status, occupation, financial status, cost tdrradtive similar service elsewhere, urgency of the
required service, risk associated with delay of the redusesvice, purpose of the product required, just to
mention but a few.

Let C,, be the cost of rejection at the specification limie m and letl be the mean target specification

value with individual level of tolerance of> T. Then the actual cost of rejection incurred by the custome
satisfies the condition

c, ={Kf(m), if m>|x+1|

0, ifm<|t+71] 117

whereK is the maximum opportunity cost incurredmas» t+o andx + t = SL (Specification Limit).

4.1.5 Estimating waiting cost

The cost of waiting of an individual patient is estimatede equal to the cost of the next best alternative
opportunity, and it is proportional to length of time del@lge ICU services are very essential services which

12
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save lives and the most important parameter of detergnthim quality of service is the response titnaf
the paramedics. Using time as the measure of quality geimh, the target of every client is to be served
at once without waiting. This means the valuexdh our model is zero. Since we are using time t as a
measure of quality, the parametein (12) will represent time. The new function will thiene be given by;

2

£ = e 5 (18)

The waiting cost therefore is determined using equationg4.4)

C, = Kf(®) (19)
In order to use Standard Normal Tables, the observegwalf service timg can be standardized using the
relationz = % to obtain a standard normal distribution, which can be readthji from the tables.
Example

A server provides emergency services with an averagettime ofx = 0 and a standard deviation of
o = 15min. Consider an individual who can incur a maximum opportunity aokt = Ksh500 if service
is delayed. If the individual has a tolerance ef 15min and the service was providedtat 40min, then
the waiting cost of the individual will be;

(40-0-15)
15

The standard score of = =1.667

From the Normal Tables, the area under the cBrgle| = 1.67) = 0.9050

The waiting cost will be&,, = kf(t) = 500 x 0.9050

Cy, = Ksh452.50
Cost Tolerance .
41> Acwg? Service

mme

£(t)

X

Proportion of Waiting
Cost

/_,_—Are a =0.4525

min A0min

Fig. 5. Opportunity cost incurred
Source: Author

4.2 Queuing cost analysis

In this section, queuing costs is simulated in order to mé@terthe optimum cost of the facility in relation to
service cost and waiting costs. From section 4, uBiggation (14) and Equation (19), we obtain the total
cost as;

13
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TC = sC; + Kf(t) (20)
4.3 Data analysis

The following data was obtained from MTRH showing thd becupancy, or number of servers and service
and arrival rates of the patients to the ICU. Using MABL. simulation was done to analyze the effects of

varying the individual tolerance and response time. Coatiout of Queuing parameters and costs were done
using MTRH ICU data presented in Table 1 below.

Table 1. Data showing values of parametersrelatingto MTRH 1 CU services

Item Description Symbol Value

1 Number of ICU beds s Variable
2 Arrival rate of patients per unit time A 7

3 Service rate of each server u 2

4 Average expected response time (in hours) X 0.833

5 Standard deviation of service response time (in hoursy 0.083

6 Individual waiting time tolerance T Variable
7 Maximum average waiting cost per individual (Ksh/hr)M 800

8 Average service cost of each server (in Ksh) per hourk 100

9 Measure of service quality specification m ort (time) Variable
10 Individual target service time X+t Variable
11 Total number of customers arriving in the facility n n>s

Using the data in Table 1, the following costs are gergrfaten MATLAB simulation. Simulation for 5
beds to 32 beds results is presented in Table 2. This isvdtméolerance level of = 0.083 hours and a
response time of = 0.083 hours. With service time standard deviatiorwaE 0.0162 hours, we obtain the
optimum queuing cost of Ksh 129.52 per hour and the desired nafnbervers as = 14 (See Table 2).

Table 2. Simulation resultsfor non-zerotolerance T = 0.083, and x = 0.083

s f L, L, w, w, C, C, TC

5 0 2.3333 5.8333 0.83333 0.33333 0 50 50

6 0.37101 1.4 49 0.7 0.2 41553 60 47553
7 0.42463 1 45 0.64286  0.14286 339.7 70 409.7
8 0.4658: 0.77778 42778 0.61111 0.11111 289.85 80 369.8¢
9 0.49816  0.63636 4.1364 0.59091  0.090909 253.61 90 343.61
10 0.5240!  0.53846  4.0385 057692  0.076923 225.74 10  325.7¢
11 0.54515  0.46667 3.9667 0.56667 0.066667 203.52 110  313.52
12 0.56265  0.41176 3.9118 0.55882 0.058824 185.34 120  305.34
13 0.57736  0.36842 3.8684 0.55263 0.052632 170.17 130  300.17
14 0.58988  0.33333 3.8333 0.54762 0.047619 157.3 140  297.3
15 060066  0.30435  3.8043 054348  0.043478 14625 150  296.25
16 0.61003  0.28 3.78 0.54 0.04 136.65 160  296.65
17 0.6182f  0.25926  3.7593 0.53704  0.037037 128.23 17C  298.2:
28 0.66854  0.14286 3.6429 0.52041 0.020408 76.405 280  356.4
29 0.67115  0.13725 3.6373 051961 0.019608 73.695 29C  363.6¢
30 067357 013208 36321 051887  0.018868 71.17 300 37117
31 0.67584  0.12727 3.6273 051818 0.018182 68.812 310  378.81
32 0.67795 012281 3.6228 0.51754 0.017544 66.606 320  386.61

14
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In absence of tolerance, simulation results show an irereathe queuing cost. This is expected because
absence of tolerance increases the length of waiting ith the queue which attracts costs. In this scenario,
att = 0, queuing cost increased @@ = 145.93 and an optimum number of serverssof 18. This will
allow for having an extra idle server/bed and have traffiensityp < 1 to handle emergencies. These
results concur with the findings of [13]. The combined grfaplthe two scenarios is depicted in Fig. 6.

Queuing Costs against Number of Servers

: : : | —4— Queuing Cost
B0 fromeeeee e 7| —#— Senive Cost ]
: : : || —#—Total Cost

500 H H Optimum {Cost and Servers—»

.
=
=

w
=
=

Cost in KSh per hour

=]
=
=

100

10 445 17 20 25 30
MNumber of Servers s

Fig. 6. Queuing costs against number of servers

The response time affects the cost of queuing if thd Evimlerance is shorter than the response time. In
any case, the length of delay which attracts cost is ledch atW, — r. Using the normal curve
with N(x,0) = N (0.0083,0.0083), the corresponding probability of waiting in the queud/js= 0.7036
which gives the proportion of total cost of waiting. TQaeuing cost is therefore calculated using Equation
(19) asC, = Kf(W,) =0.7036 X 1 x W, x 800 = 562.88.

5 Conclusions

In the analysis done in section 4, the queuing charaiteré Moi Teaching and Referral Hospital (MTRH)
in Eldoret, Uasin-Gishu County was analyzed using M/M/s iqigennodel. Waiting and Service costs were
introduced into the model in order to determine the optiseaice level. With the support from the
government, the target was to determine the optimum numbsereérs which will reduce the patient
gueuing cost thus satisfying the consumers and save lhasporating tolerance in the loss function, the
proportion of customer’s willingness to meet the waitingsdsie to delayed service was used to determine
the queuing cost. From the current scenario of 6 ICU,libdsoperation cost in absence of delay (tolerance)
is estimated at;; = 60 andC, = 415.53, with W, = 1.4 people per hour. Since ICU operates 24 hours a
day, this translates to a service and queuing cdssiof1,440 andKsh.9,972.72 per day. If the first set of
patients admitted to ICU spends an average of 4 dabednthe total accumulated people waiting in the
gueue will bel34.4 patients with a total opportunity cost K§h.55,847.23. The following are the results
of the model analysis.

a) In subsection (3.3), M/M/s queuing model is analyzedeteminine the number of customers in the
systemi; , length of the queuk, , waiting time in the system¥; and waiting time in the queue

W,.
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b) In subsection (4), the total cdB&f = sC; + C, was represented in terms of the service €psind
the queuing codt,.

c) In the sub subsection (4.1.3), a modified normal loss fomotias formulated. This probability
function f(x) use the individual level of toleranaeto determine the proportion of loss the
individual incur due to waiting in the queue. This loss fiomcmodifies the waiting cost @, =
Kf(t).

d) In the subsection (4.3), data from MTRH is simulated using eaqusa((8.7)-(3.10), (4.5)-(4.7)) to
determine the optimum total cost for different numbes@fvers (beds). These simulation results
are shown in Table 2.

e) From simulation results in (d) above, it is shown thaalisence of tolerance= 0, the facility
operating currently at = 6 beds has 34 patients waiting in the queue in a day each incurring a
waiting cost ofKsh 641.39 per hour. If the beds are increased to an optimum nusnber8, the
queuing cost will reduce tsh 153.98, which is a76% reduction. If the patients allow a tolerance
of T = 0.083 hrs, the optimum beds will reduce ste= 15 with a corresponding queuing cost of
Ksh 146.25 representing &5% reduction from the current scenario. These optimumtgaine
illustrated in Fig. 6.

Following the description of results above, data analgsisates that there is a strong need to acquire more
ICU beds to a minimum of 18. This is less than 30 umitp@sed by the current CEO in an article which
appeared in the Kenya Daily Nation dated Wednesday 27th 20dy. If the CEO’s proposal is
implemented, the facility will operate at= 30, C, = 87.91, C; =300, TC = 387.91. This will reduce

the customers queuing cost by 86% and reduce the totatiopesarvice cost by 45%.

This analysis can however be extended to include relatéiidacand departments like the theater, wards,
endoscopy, dialysis, RMI, X-ray, CT scan services andbeurof doctors, just to mention but a few. This
will give an overall performance of the entire fagiliThe data used was collected for three weeks between

June and July 2016. Reliability of analytic results wilpnove if data is collected for a longer period of
time.
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